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The 4W rule

In my memory is still keen a childhood book reminder, in which all

scientific discoveries were described by answering to four basilar questions:

• What?

• Why?

• Where?

• When?

Considering the fact I was just a child when I read these books and being

the remembrance still strong, I can argue that this scheme is very efficient,

so I’ll use it in presenting how I spent my last three years, i.e. presenting

you my PhD work.
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Chapter 1

What: the s-process

People usually smile when Astrophysicists assert that we are the

sons of the stars, but the human life is the confirmation to this sen-

tence: we breathe nitrogen, our bones mainly consist of carbon and

calcium, fluorine is present in our teeth, our blood carries oxygen

to tissues by means of the hemoglobin (an iron pigment of red blood

cells).

We just list some examples related to human body, but also common element such as alu-

minum, nickel, gold, silver and lead come from a previous generation of stars. Summing

up, all elements have been synthesized in a star, with the exception of elements present in

the Universe after the big-bang nucleosynthesis (H, He, Li). The abundances in the Solar

System are due to the mixing of material ejected from stars that polluted the Universe

in different epochs before the Sun formation, occurred about 5 billion years ago, after the

gravitational contraction of the proto-solar cloud. Some elements formed during quiescent

hydrostatic evolutionary phases; other elements have been produced during late evolution-

ary stages of massive stars; finally, some isotopes were synthesized during a particular phase

called Asymptotic Giant Branch (AGB). Isotopes heavier than iron (A≥56) are created by

means of neutron capture processes. The observed heavy elements distribution shows the

presence of two main components, correlated to different nucleosynthetic processes: the s

(slow) process and the r (rapid) process. The r process requires high neutron densities,

and it is believed to occur during explosives phases of stellar evolution (Novae, SuperNovae

and/or X-rays binaries). The s process is characterized by a slow neutron capture with

respect to the corresponding β decay: stable isotopes capture neutrons, while the radioac-

tive ones decay (β− or β+) or capture a free electron. These isotopes are mainly created

in the Thermally Pulsing Asymptotic Giant Branch (TP-AGB) phase of low mass stars

1
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(1.5 ≤ M / M� ≤ 3), where freshly synthesized elements are carried out to the surface by

means of a recurrent mechanism called Third Dredge Up (TDU). In this phase the stellar

structure consists of a partially degenerate carbon-oxygen core, an He shell separated from

an H shell by the He-intershell region and by a convective envelope. The energy required

to supply the surface irradiation is mainly provided by the H burning shell, located just

below the inner border of the convective envelope. This situation is recurrently interrupted

by the growing up of thermonuclear runaways, driven by violent He-burning ignitions. As

a consequence of a Thermal Pulse (TP), the region between the two shells (He-intershell)

becomes unstable to convection for a short period, the external layers expand and, later on,

the H shell burning temporarily dies down. In the He-intershell, He is partially converted

into carbon. During the AGB phase, main neutron sources are the 13C(a,n)16O reaction,

active in radiative conditions during the interpulse period, and the 22Ne(a,n)25Mg reaction,

marginally activated within the convective shell originated by the TP. In order to obtain

a sufficient amount of 13C, a diffusion of protons from the H-rich envelope into the C-rich

radiative zone is needed: the diffused proton are captured from the abundant 12C via the
12C(p,γ)13N(β−)13C nuclear chain, leading to the formation of a tiny 13C-pocket. When

in this region the temperature reaches about 108 K, the 13C(α,n)16O reaction results ef-

ficiently activated, thus producing a large amount of neutrons which are captured by the

iron seeds.

The aim of this work is the study of the problematic concerning the s-process nucle-

osynthesis in low mass AGB Stars. The advance in the knowledge of the complex coupling

between convective mixing and nuclear process, which allows the surface enrichment of C

and s-process elements, is presented, together with the hypothesis concerning the physical

mechanism driving the formation of the 13C pocket. In order to illustrate the capabilities

and the limits of the theory, updated computations of a 2 M� stellar structure at different

chemical compositions are reported. These models have been obtained by including into

the FRANEC stellar evolution code a full nuclear network (from H up to Bi, at the termina-

tion point of the s-process path), upgraded with the most recent experimental (if available)

and theoretical cross sections. The predicted modification of the surface composition at

different metallicities occurring during the AGB evolution is shown.

After a short introduction concerning the s-process (see Chapter 2), we briefly describe

the basic ingredients characterizing a stellar evolutionary model (Chapter 3). In Chapter

4 we resume the current status of AGB modelling, by integrating it with the new issues

characterizing this work, like our evaluation of the mass loss rate. In Chapter 5 we describe
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the implementation of the nuclear network, discussing the choices we made on different

reaction rates. In Chapter 6 the problem of the source of neutrons is afforded in some

detail, with particular emphasis to the physical process driving the formation of a 13C

pocket in the He-rich and 12C-rich intershell. We also describe how the velocity profile

mechanism depends on the free parameter and how the study od the s-process can minimize

the uncertainty range. In Chapter 7 we present the evolution and the nucleosynthesis of the

aforementioned models, comparing it with the previous extant models. In particular, we

stress the fact that in the solar metallicity model, the first formed 13C pocket doesn’t burn

in radiative conditions, but it is ingested in the convective shell generated by the following

TP (Section 7.1.2), opening new interesting hypothesis about the origin of radioactive

isotopes in the Early Solar System (Section 7.1.3). Chapter 8 is devoted to the study of the

influence of opacities on AGB models: a comparison between two low metallicity models,

obtained with a different treatment of the opacity coefficients, is shown. In Chapter 9 we

give a short overview on the complex interplay between nuclear physics and astrophysics,

presenting some tests we computed in last three years. Finally, in Chapter 10 we report

our conclusions.
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Chapter 2

Why: the failure of the classical model

In this Chapter we briefly discuss the problematic concerning the

s-process, describing its main features and the astrophysical condi-

tions needed for its activation. Moreover, we give an overview on

the first pioneering studies devoted to this nucleosynthetic process

starting from the formulation of the so-called classical model up to

the most recent developments in the modelling of the s-process.

First studies concerning the solar abundances distribution [66] were followed by detailed

spectroscopic observations [159], which leaded to the formulation of a nucleosynthetic pro-

cesses list (see Fig. 2.1) in order to reproduce the observed chemical patterns [23]. There’s

no way to explain the abundances of elements heavier than iron by means of nuclear

charged particle reactions, being heavy nuclei cross sections strongly reduced by the repul-

sive Coulomb barrier, which increases with their atomic number Z . Moreover, 56Fe has the

greatest per nucleon binding energy, therefore nuclear reactions starting from iron seeds

are of endoenergetics nature. Charged particle cross section is given by:

σ(E) =
S(E)

E
exp

(
− [0.98948Z1 Z2 A

1
2 ]2 MeV

E

) 1
2

, (2.1)

where the astrophysical factor S(E) slowly changes by varying the energy. The cross sec-

tion σ (which is a measure of the probability that a reaction takes place) decreases with

increasing Z, causing light elements to be burnt before heavier ones during thermonuclear

processes. Therefore, during the quiescent stellar phases, the energy, mainly provided by

thermal heating, cannot be responsible for the production of elements characterized by a

high proton number. Proton captures on heavy elements could however occur in objects

loosing their thermodynamical equilibrium, such as massive stars at the end of their evo-

lution, when an irreversible collapse process ends with the type II Supernova explosion.

5
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Limitations due to the Coulomb barrier overcoming disappear if dealing with neutron

Figure 2.1 Nuclide abundances (relative to N(Si)=106) as a function of the mass
number. Labels in the picture identify different processes responsible for the forma-
tion of solar observed isotopes (picture from [40]).

captures, occurring during hydrostatic quiescent phases, characterized by fairly low tem-

peratures (KT ∼ 10÷ 100 keV). The heavy elements distribution points out the existence

of three separate components, correlated to different nucleosynthetic processes:

• s-process;

• r-process;

• p-process (which leads to the formation of proton-rich nuclei).

The aforementioned distribution is characterized by three peaks, around isotopes having

neutron numbers equal to 50, 82 and 126, named magic nuclei. These isotopes show a larger

stability with respect to their neighbors, behaving like noble gases (nuclei with Z=50 and
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Z=82 show similar characteristics, being however their peculiarity less evident). This is due

to the fact that their nucleons completely fill nuclear energetic levels, being the energetic

gap between two levels greater than energetic differences in shell internal levels. The first

possible level the captured neutron can occupy is less bound than the other occupied levels,

this fact giving a larger stability to this isotope with respect to its neighbors.

While the r-process (r stands for rapid) requests high neutron fluxes, characterized by

neutron densities nn � 1022 cm−3, in the s-process (s stands for slow) the neutron content

is lower (nn(t) < 108 cm−3). In such a case, stable isotopes capture free neutrons, while

radioactive ones decay in their stable isobars, leading the nucleosynthesis to develop along

the so-called β stability valley. Once defined the ratio between the mean neutron capture

timescale and the mean β decay timescale as τn
τβ

, the nucleosynthesis chain displays along

the β stability valley if such a ratio is bigger than 1, while if minor than 1 the nucleus

absorbs more neutron moving toward heavier isotopes. In this latter case, the β decay stops

this captures series when the binding energy is too low to permit another neutron capture;

after the decay, the nucleus starts again capturing neutrons. This mechanism stops when

the neutron absorber reaches its waiting point (depending on the nucleus charge), where a

decay chain shifts the isotope to the stability valley.

2.1 A bit of history...

In Fig. 2.2 we plot the solar s-process σiNi distribution; a monotonically decreasing profile,

with evident steps in correspondence to neutron magic isotopes, results. The extreme sim-

plicity in the s-process distribution with respect to the r-process one (see Fig. 2.3) inspired

researchers in formulating numerical techniques based on analytical hints, independently

on the astrophysical site: this is the main feature of the classical model.

Neutron cross sections σi are generally greater than the corresponding charged particle

cross sections and increase with the atomic number. Moreover, even nuclei (even Z and N)

have lower σ because the resonant levels mean density is lower with respect to odd nuclei,

where the captured neutron could interact more easily with the odd nucleon. Lowest

neutron cross sections correspond to magic nuclei (N = 50, 82, 126), i.e. the Y, the La

and the Pb s-process peaks. The differential equation regulating the abundances of heavy

nuclei is

dNA

dt
= − < σv >A nn(t)NA(t)+ < σv >A−1 nn(t)NA−1(t) , (2.2)
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Figure 2.2 Solar s-process σANA distribution. The curve has been obtained with
an exponential distribution of neutron expositions (picture from [147]).

Figure 2.3 Solar r-process σANA distribution. The lack of a correlation between
data is evident, strengthening the fact that the s-process distribution is not acci-
dental (picture from [147]).
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where < σv >A is the destruction rate of the nucleus with atomic mass A (the β decay of

the (A-1) isotope is assumed to be instantaneous). Maxwellian neutron cross sections are

defined as

< σ >=
< σv >

vT
=
∫+∞
0 v σ(v)ϕ(v) dv

vT
, (2.3)

where ϕ(v)dv represents the Maxwellian spectrum of velocities, given by

ϕ(v) =
(

4

π
1
2

)(
v

vT

)2

exp

[
−
(

v

vT

)2
]

dv

vT
. (2.4)

vT represents the relative thermal velocity, written as

vT =
(

2πKT

µ

) 1
2 ≈ 1.284 × 104 T

1
2 cm sec−1 , (2.5)

where T is the gas temperature and µ = MnMA
(Mn+MA) ≈ Mn = 1.674920 × 10−24g (neutron

mass). Because the reduced mass in equation (2.5) (labeled as µ) practically coincides

with the neutron mass, we can assume as the right velocity the independent neutron one.

Substituting it in formula (2.2), we obtain

dNA

dτ
= −σANA + σA+1NA+1 , (2.6)

where we defined the neutron exposure τ as

τ =
∫

nn(t)vT dt (mbarn−1). (2.7)

Considering nuclei far from closed shell configurations, the σANA product is practically

constant (if a high neutron flux is available): this is due to the presence of magic nuclei,

which stop the nucleosynthesis up to the local saturation. The constant value σANA

is determined by the self-regulating equation 2.6; we can therefore assume as valid the

following equation

σA · NA ≈ σA−1 · NA−1 , (2.8)

named local approximation. This equation is valid in regions (plateaux) between two

subsequent magic nuclei (see Fig. 2.2).

A single neutron exposition can’t reproduce the solar elements distribution, which could

however result from a superimposition of different 56Fe seeds exposed to a series of neutron

fluxes. A quite good reproduction can be found by adopting an exponential distribution

of neutron expositions [147]:
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ρ(τ) =
GN56

τ0
exp

(
− τ

τ0

)
, (2.9)

where G is the iron fraction exposed to neutrons, N56 is the initial 56Fe abundance and τ0

is a parameter, named mean neutron exposure.

The exponential distribution of neutron exposures displayed in equation 2.9 can repro-

duce the solar abundances if three values of τ0 (depending on the atomic mass A and

corresponding to different s-process components) are adopted :

1. main component ( 90 < A < 204; τ0 = 0.3 mbarn−1 );

2. weak component ( A ≤ 90; τ0 = 0.06 mbarn−1);

3. strong component ( 204 < A < 209; τ0 = 7.0 mbarn−1 ).

This distribution found a full confirmation when [165] proposed his model of self-consistent

s-process nucleosynthesis (see Fig. 2.4), perfectly matching with an exponential distribu-

tion. In the same paper, the convective shells characterizing the TP-AGB phase were

proposed as the astrophysical site for heavy elements production. Labeling as Ms the mass

Figure 2.4 Schematic diagram of the Ulrich model: shaded areas represent con-
vective shells where neutron captures occur (from [165]).

extension of a convective shell, only a fraction (r · Ms) of such a material is engulfed in
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the following shell, while the remaining [(1− r) ·Ms] is directly coming from the envelope.

Identifying the per pulse neutron exposition as ∆τ , the convective shell mass fraction Ms

experiencing j subsequent expositions is (1−r)rj−1 . Proceeding in this way, an exponential

distribution of expositions is obtained:

ρ(τ) =
1

No

dN(τ)
dτ

=
(1 − r)

∆τ
r

τ
∆τ =

(1 − r)
∆τ

exp (− τ

τ0
) , (2.10)

where τ = n∆τ and τ0 = ∆τ
− ln r .

In the classical model , no hypotheses on the site where the s-process is active were

formulated. The principal neutron sources in AGB stars are the 13C(α, n)16O and the
22Ne(α, n)25Mg reactions: first studies laid on the hypothesis that both reactions were re-

leasing neutrons inside the convective shells generated by the TPs. A first decisive improve-

ment occurred with the works of [153], where it was demonstrated that the 13C(α, n)16O

reaction is burning in radiative conditions during the interpulse period. The convective
13C burning model identified in an exponential distribution of neutron expositions the right

theory to match observational data. That distribution changes if considering a radiative
13C burning, as demonstrated by [10], leading to a new formulation with respect to equation

2.9:

ρ(τ) � (1 − r)q
∆τ

(1 +
τ

∆τ
)r

τ
∆τ . (2.11)

In this way, the resulting neutron exposures distribution is a superposition of a few single

exposures. These new improvements in the understanding of the s-process clearly shows the

limitations inherent to the classical model. It is then evident the importance of modelling

the s-process by carefully taking into account the astrophysical sites where this process is

believed to occur. In order to do that, the use of a stellar evolutionary code is crucial.
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Chapter 3

Where: the FRANEC code

In this section we roughly describe how to translate a stellar struc-

ture into a stellar evolutionary code. Main topics characterizing

the 1-dimensional FRANEC (Frascati RAphson Newton Evolution-

ary Code) code are presented. In performing these computations, we

don’t consider the rotation or the presence of magnetic fields.

The comprehension of stellar physics strictly follows advances in the construction of

observational instruments and the development of powerful calculators, needed to compute

stellar evolutionary models. The reduced instrumental uncertainties and the refinements

of stellar codes allow an even more precise and meaningful comparison between these so

different approaches in solving problems related to stars. In the following Section we quickly

describe the main features constituting the FRANEC code, where a full set of equations

describing the physical evolution of a star is coupled with the nuclear processes fixing the

temporal variation of the nuclear species. We give details on the adopted input physics and

we briefly introduce how we parameterize the convection; for an exhaustive description of

the code we refer to [36], [37] and [155].

3.1 Stellar equilibrium equations

In order to describe a stellar structure we need quantitative formulae connecting pressure,

temperature and production energy terms. The complete stellar equilibrium equation

system consists of four first order, non-linear and constant coefficients differential equations

and of three characteristic relations:

13
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dP
dr = GM(r)ρ(r)

r2 hydrostatic equilibrium
dM
dr = 4πr2ρ(r) continuity equation
dL
dr = 4πr2ρ ε(ρ, T ) energy conservation
dT
dr = − 3κρ

4acT 3
Lr

4πr2 (radiative transport)

P = P (ρ, T ) equation of state

κ = κ(ρ, T ) opacity

ε = ε(ρ, T ) energy production

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(3.1)

Temporal changes in the physics of a star are strictly connected with its energy budget: the

energy lost by photons and neutrinos is continuously sustained by the gravitational energy

release and the nuclear burning; these terms, coupled with mixing events, are responsible

for internal and external chemical distributions modifications. The system (3.1) can’t be

solved in an analytic way, moreover some functions (e.g. the opacity) is available only in

a tabular format (see Section 3.4). For these reasons, the evolution of stellar codes strictly

follows hardware improvements.

The integration variable is, for the major portion of the stellar structure, the mass Mr,

which is the only lagrangian variable. In superficial layers (indicatively for Mr≥0.95M�),

due to the low density, Mr starts being less sensitive to variations in the stellar structure,

and the system is solved by integrating in pressure (P). Finally, for regions more external

than the photosphere, the integration is carried out on the optical deepness:

τ(r) =
∫ +∞

r
κρ dr , (3.2)

representing the mean probability one photon has to interact before being ejected from

the star. The central conditions (r=0) is obviously (Mr = 0;L = 0) , thus leading to a

singularity of the integrating variable Mr. The integration has then to be started from a

stellar layer having a radius coordinate r′ very small (generally r′ ∼= 10−5R�).

A particular treatment has to be reserved to the transport equation, which changes its

form depending on stellar conditions (see Section 3.2).

In Figure 3.1 the logical structure of the FRANEC code is schematically reported. The

first model is calculated with a fitting method and its convergence is obtained by means

of a 4th order Runge-Kutta method. All variables are initialized and matrix dimensions

are defined by checking the number of chemical species considered in the nuclear network.

Cross sections and decay times are stored from various tables, while model peculiarities
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Figure 3.1 Schematic diagram of the FRANEC code structure.
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and test values for the first integration are read from the initial model. Input physics,

like opacity tables, initial chemical abundances and Equation of State (EOS), are stored

from corresponding tables (see Section 3.3). Atmosphere conditions are calculated in a

dedicated subroutine, while the amount of lost material is calculated in accordance with

the adopted prescriptions (see Section 4.5). The structure is divided in spherical shells

(mesh-points), whose mass distribution is regulated (each model) by a re-zoning procedure.

Convective borders are defined by the Schwarzschild criterion (see Section 3.2), while the

degree of mixing is determined by using the mixing length theory (see Section 3.2.1). The

evolutionary time step is determined by the fact that the physical variables R, L , P, T ,

and M do not vary by more than a fixed amount from one model to the next one. The

integration is performed by using a finite increments method: the convergence is reached

when the percentage corrections to the various physical and chemical quantities are smaller

than 10−6 (see next Section).

3.1.1 Numerical integration methods.

In order to solve the system (3.1), numerical techniques are needed, because of their ca-

pability in approximating derivatives with finite increments. In the FRANEC code, the

system is solved first by imposing a set of test values (P(Mr), T (Mr), R(Mr), L(Mr)) and

by applying an iterative corrective method named Newton-Raphson. This technique is

the well-known Henyey method.

The first step consists in fixing m values of Mr, dividing the structure in close enough mesh

points; the system describing the stellar structure can be written as

dyh

dx
− fh(x, y1, y2, y3, y4) = 0 . (3.3)

where yh (h =1,2,3,4) are the dependent variables and x = Mr the independent one.

Supposing that corresponding to dx = xj+1 − xj it results dyh = yh
j+1 − yh

j , first terms of

system (3.1) can be written, mesh by mesh, in the finite differences formalism:

F h
j ≡ yh

j+1 − yh
j

xj+1 − xj
− fh(xj , xj+1, y

1
j , y

1
j+1, · · · y4

j , y
4
j+1) . (3.4)

where fh functions are computed by calculing mean values between j e j+1. The degree of

approximation in formula (3.4) grows up with reducing the ∆x difference corresponding to

j e j+1 values. The (3.1) system solution must assure the condition that, for all j values,
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the equation

F h
j (xj , xj+1, y

k
j , yk

j+1) = 0 , (3.5)

is verified. If we assign a generic trend to dependent variables we instead obtain

F h
j (xj , xj+1, y

k
j , yk

j+1) = ch
j �= 0 , (3.6)

which would be equal to 0 in case of linear derivatives. The system is then solved by

modifying test values assigned to yh
j in order to verify ch

j ≤ ε for all j and for all h (an

acceptable value is ε ∼ 10−8). Varying yk , F h change following

δF h
j =

4∑
k=1

(
∂F h

j

∂yk
j

δyk
j +

∂F h
j

∂yk
j+1

δyk
j+1) . (3.7)

By imposing δF h
j = −ch

j (we want F h
j + δF h

j = 0), (3.7) constitutes an algebraic system of

(4m -4) linear equations, where m is the mesh point number in 4m unknown δyk
j (j=1,2,....m

; k=1,2,3,4). Missing relations are obtained from boundary conditions, i.e. central and

superficial values. δyk
j represent variation to be applied to the test values yk

j . A solution

is achieved, at the desired approximation level, by iteratively applying the newly obtained

correction terms to the previous iteration results.

3.2 Convective zones

In stellar interiors, energy can be transported by conduction, radiation and convection.

First two mechanisms are theoretically always working, even if with different efficiencies, if a

temperature gradient is present. Convection is present only if stellar layers are unstable for

macroscopic material transfers (convective motions). The main problem is to understand

the conditions under which a convective motion starts and which is the efficiency of such

a mechanism. A simple answer could be given on the basis of the work of [143], basically

founded on the Archimede’s argument. Under the hypothesis of no convective motions,

a radiative thermal gradient, connected with the outgoing energy flux, has to raise up.

If we force a material element to move, under the adiabatic assumption (justified by the

fact that thermodynamic timescales are highly greater than the mechanical ones), it moves

depending on its absolute adiabatic gradient | dT
dr |ad . In other words, we have convection

if the Schwarzschild criterion for the radiative stability

∣∣∣∣dT

dr

∣∣∣∣
rad

<

∣∣∣∣dT

dr

∣∣∣∣
ad

(3.8)



18

is no more fulfilled, thus leading to macroscopic material motions. This argument, valid

under the adiabatic assumption, could be extended also to non-adiabatic transport, since

the energy exchange with the surrounding material, tending to slow down convective mo-

tions , acts on thermodynamic timescales. Moreover, it is proportional to the temperature

difference between the ambient and the convective element, which reduces with the time.

3.2.1 The mixing length theory

Even under the adiabatic assumption, convection can carry energy only if the local gradient

is greater than the adiabatic one (overadiabaticity conditions). Under that hypothesis, the

convective element, after covered a length l, has a temperature greater than ambient, and

it is therefore able to release heat, in the quantity:

δQ = C∆T , (3.9)

where C is the thermal capability and ∆T the temperature difference between the element

and the ambient, written as

∆T =
∫ [(

dT

dP

)
amb

−
(

dT

dP

)
ad

]
dp =

∫
δaddp . (3.10)

In equation 3.10, δad represents the superadiabaticy value.

In internal layers, the thermal capability is so high that the convective flux is largely

greater than the radiative one, therefore ∇eff = ∇ad (∇eff is the gradient characterizing

the convective environment). Moving to external layers, the effective gradient diverges

from the adiabatic one, however fulfilling the condition

∇ad < ∇eff < ∇rad . (3.11)

The theory describing the superadiabaticy degree of ∇eff is the so-called mixing length.

If in a convective layer we define a mixing length l and a mean convective velocity v, the

relationship between the superadiabaticy and the velocity is given by:

∇eff =
acκT 4

eff + 1
2cpρvl∇ad

4acT 3

3x̄ρ + 1
2cpρvl

. (3.12)

In this formula the mixing length is assumed comparable to the pressure scale height HP ,

defined as the distance where the pressure reduce its value to 1/e: l = αHP , where α is a

free parameter, limited by the fact that a convective element can’t survive for steps greater
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than HP . If v tends to 0, ∇eff tends to ∇rad, while if v is sufficiently high, ∇eff tends to

∇ad. In the same way, v could be derived as

v = gl

[
Hµ

8κT
(∇eff −∇ad)

] 1
2

. (3.13)

In convective zones, the mixing degree depends on the convective timescale (τj,k between

j and k adjacent mesh-points):

• if τnuclear 	 τj,k nuclear species present flat distributions (τnuclear is the nuclear

burning timescale);

• if τnuclear < τj,k nuclear species reach the local equilibrium;

• if τnuclear ∼ τj,k the resulting distributions depend on the interplay between mixing

and burning.

Another problem arises when the evolutionary time step (∆t) is comparable with τj,k:

• if ∆t ≤ τj,k some nuclear species are not fully mixed during a temporal step;

• if ∆t 	 τj,k the mixing is complete.

The degree of mixing is calculated by means of the following relation:

Xj = Xo
j +

1
Mconv

∑
k
(Xo

k − Xo
j )fj,k∆Mk (3.14)

where the summation is extended over the whole convective zone and the superscript o

refers to unmixed abundances. ∆Mk is the mass of the mesh-point k and Mconv is the

total mass of the convective zone. The damping factor f is:

fj,k =
∆t

τj,k
(3.15)

if ∆t < τj,k, or

fj,k = 1 (3.16)

if ∆t ≥ τj,k. In these formulas ∆t is the time step and τj,k is the mixing turnover time

between the mesh-points j and k, namely:

τj,k =
∫ r(k)

r(j)

dr

v(r)
=
∑

i=j,k

∆ri

vi
(3.17)

The mixing velocity (vi) is computed according to the mixing length theory. It is worth

to notice that, in our code, neutrons are not mixed in convective zones, being always

τnuclear 
 τj,k.
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3.3 Input physics and initial abundances

In this work, we present three AGB models having the same initial mass (M=2M�) and

different metallicities (Z=1.5×10−2, Z=1×10−3 and Z=1×10−4) therefore spanning al-

most the entire metal distribution of our Galaxy.

Concerning the model with Z=1.5×10−2, the computation has been started from a homo-

geneous structure with a mass fraction of helium Y = 0.269. The Y and Z values have been

derived from a standard solar model, by fitting the luminosity (L�=3.844 ×1033 erg/s),

radius (R�=6.951 ×1010 cm) and (Z/X)� (0.017) of the present Sun. This calibration

implies αm.l.=1.9: we therefore adopt that value in all calculations presented in this work.

The mass fractions of all the elements beyond hydrogen and helium relative to Z have been

derived from [7], except for C and N [6] and O, Ne and Ar [11]. In the aforementioned

papers, the solar CNO abundances have been revisited and new values result lower with

respect to previous compilations [7, 69, 70]. Moreover, in order to fit the actual surface

He abundance, the macroscopic settling has to be taken into account: this phenomenon

reduces the heavy elements surface abundances during the evolution of the star, therefore

lowering its surface He content and metallicity. For these reasons, we assume as the initial

metallicity of the Sun the value Z=1.5×10−2 and hereafter we refer to this value as the

solar metallicity. Table 1 lists the adopted initial mass fractions (for the most abundant

elements) at the three different metallicities. Note that, for both the Z=1×10−3 and the

Z=1×10−4 models, we scale the initial abundances of all the elements with the metallicity,

except for idrogen and helium (we adopt the cosmological abundance Yini=0.245).

Element Z=1.5×10−2 Z=1×10−3 Z=1×10−4

H 0.716 0.754 0.755
He 0.269 0.245 0.245
C 2.47(-3) 1.65(-4) 1.65(-5)
N 1.00(-3) 6.67(-5) 6.67(-6)
O 6.12(-3) 4.08(-4) 4.08(-5)

Table 3.1 Adopted initial element abundances.

In our calculations, electron screening is taken into account by following prescriptions

from [46] and [68] for the weak and intermediate regimes, while from [89] and [90] for the

strong one. For the description of the adopted equation of state, we refer to [152], updated

by [126]. Above 106 K, the matter is assumed to be completely ionized, while below that
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value, partial ionization is taken into account. In the high-temperature regime, the electron

degeneracy, relativistic effects, electron-positron pair creation, and Coulomb interactions

contributions are considered, while below the threshold temperature value, the ionization

stages are derived from the classical Saha equation. We refer to [117] and [118] for the

energy loss due to photoneutrinos, pair and plasma neutrinos. Bremsstrahlung neutrinos

are taken from [47], corrected by [136].

3.4 Opacities

The energy irradiated by a star, mainly consisting of photons, covers a wide energy range

(from X band to radiowaves). Photons created in the internal layers of a star suffer for a

series of interactions with the surrounding material, whose net effect is the isotropisation

of the flux. The capability of a material to interact with the radiation is called opacity

and its efficiency is expressed by the well-know coefficient κ. This coefficient is defined as

the inverse of the photon free mean path and it depends not only on the temperature and

the density (the higher the velocity and the density of the particles are, the higher the

probability a photon would interact with them is), but also on the chemical composition

(the higher the mean weight is, the higher the opacity is) and the frequency. This latter

dependency is solved by calculating a mean opacity coefficient over the entire frequency

range, named Rosseland mean opacity. A photon produced in the core of a star is then

continuously absorbed and emitted, this perdurable interaction producing a net flux toward

the external layers. In regions where the opacity is very high, the material warms up

and when the temperature gradient is high, macroscopic motions start mixing the region,

which results then dominated by convection (see Section 3.2). Dominant opacity sources

are reported in the following list (we fix the items order by first considering contributions

at higher temperatures):

• continuous sources;

• atomic lines opacities;

• molecular sources;

• grains opacity.

At high temperatures, contributions to the global opacity come from electronic scattering

(Thomson scattering if dealing with non-relativistic matter or Compton scattering in the
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relativistic case), bound-bound (b-b) processes, bound-free (b-f) processes and free-free

(f-f) processes. If the temperature decreases below 4500 K, an additional opacity source

is represented by oxygen composite molecules (TiO, VO, H2O, ZrO) or carbon composite

molecules (C2, CH, CN and SiC), depending on which, oxygen or carbon, is the most

abundant element. In previous two categories we did not mention the CO molecule, because

its contribution to opacity is independent on the C/O ratio, being its binding energy so

large that all the atoms of the least abundant element (C or O) are locked to form that

molecule. For temperatures lower than 1500 K the presence of small solid dust particles

further enhances the opacities, therefore the contributions from condensates have to be

accounted for in the determination of the optical thickness of the material. Finally, in

regions characterized by high densities, the conductive opacities contribution represents a

non-negligible fraction of the total opacity.

The determination of all these coefficients may results computationally not feasible be-

cause of their frequency dependence, so it is often useful to use pre-tabulated mean opacity

tables. Tables of radiative opacity have been derived by means of the web facility provided

by the OPAL group (http://www-phys.llnl.gov/Research/OPAL/opal.html). These opac-

ity tables extend down to log T = 4.05, therefore additional low temperature opacity are

needed: we use tables provided by [5]. Conductive opacities are taken from [125]. The

opacity change caused by the variation of the internal chemical composition, due to nu-

clear burning, convective mixing and microscopic diffusion, has been taken into account by

linearly interpolating between tables with different Z and Y . Such a procedure guarantees

an accurate determination of the surface abundance variations, provided that the relative

distribution of the heavy elements remains almost unchanged. Unfortunately, this is not

the case of AGB stars during the TP-AGB phase, when TDU episodes occur. In this case,

in fact, the relative isotopic distributions results deeply modified, in particular the 12C

mass fraction is greatly enhanced. We refer to Section 7.2 and Chapter 8 for a detailed

analysis of this problem.



Chapter 4

When: AGB stars

In this Chapter we review the present status in the modelling of

low mass AGB stars. In particular, the evolutionary phases before

the TP-AGB phase are described. Moreover, we give details on our

current choice concerning the mass loss rate, considered one of the

main uncertainty sources in the study of AGB stars.

4.1 Introduction

It was in 1868 when the Jesuit astronomer Father Angelo Secchi first recognized in the

peculiar spectrum of some red giants the signature of carbon enhancement [146]. This new

class includes stars belonging to the Disk of the Milky Way, called by Secchi ”red carbon

stars” and nowadays named C(N-Type) stars, that are evolved low mass red giants with

photospheric C/O > 1. In the Hertzsprung-Russell diagram, they are located near the

tip of the asymptotic giant branch (AGB) and represent the end point of the evolutionary

sequence of a star that starts the AGB as an M giant (typically C/O < 0.5) and progres-

sively modifies its surface composition, passing through the MS, S and C(N) stages. The

internal structure of these giant stars is made of three regions: a compact C-O core, a thin

He-rich and C-rich mantel (He intershell) and an expanded H-rich envelope. As usual for

red giant stars, the envelope is largely unstable against convection. Carbon is synthesized

by the 3α reactions that burn at the base of an He-rich layer surrounding the core. The

first question for the theoreticians was the search for a process capable to move the C from

the deep interior of the star to the surface ([86], [111], [154]). Modern studies have clarified

that the dredge up of C is due to the combination of two distinct convective episodes.

The first is responsible for an efficient mixing of the whole He-rich layer and the second

partially overlaps the zone previously mixed by the first convective episode and extends to

23
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the stellar surface. As a consequence of these two convective episodes, other products of

the nucleosynthesis occurring within the He-rich mantel, besides 12C, should appear at the

surface. As a matter of fact, MS, S, C(N) and post-AGB stars are enriched in s-process ele-

ments, like Sr, Y, Zr, and Ba, La, Ce, Nd corresponding to the light and heavy s-abundance

peaks, as early encoded by [23]. Detection of unstable 99Tc, whose half life is ”only” 2.1

× 105 yr, demonstrates that this enhancement cannot be due to an anomalous pollution

of the pristine material from which these stars were born, but that the s process must be

at work in their interiors [115]. In addition, it was realized that only relatively faint AGB

stars become C-rich and that the brightest AGBs are N-rich [173]. This evidence supports

the hypothesis that C(N)-stars have low mass progenitors. In massive AGBs, indeed, the

CN-cycle taking place at the base of the external convective layer converts most of the C

dredged up into N. As recalled in Chapter 2, recent studies have demonstrated that the

Figure 4.1 This sketch illustrates the evolution of the positions of the inner border
of the convective envelope, the H-burning shell and the He-burning shell, during the
thermally pulsing AGB phase. The convective regions generated by two subsequent
TPs are also shown.

AGB stars with M < 3 M� are the major contributors to the galactic production of the

isotopes belonging to the main component of the s process, involving isotopes with atomic

mass beyond A ∼ 80 (see for a review [172]). Clayton [40] first pointed out that a multiple

neutron exposure, rather than a single exposure, is needed to reproduce the main compo-

nent and [165] suggested that this condition could occur in the He-rich layer of an AGB
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star. A few years before, indeed, [145] discovered that during the late AGB the He burning

shell is recurrently switched on and off. At each He re-ignition, a thermonuclear runaway

(TP) occurs and the rapid release of nuclear energy induces the formation of an extended

convective region, where the products of the nucleosynthesis are fully mixed. (see figure

4.1).

Figure 4.2 Theoretical evolutionary track in the Hertzsprung-Russell diagram of
a star of initial mass M = 2 M� and solar metallicity (see section 7.1 for details).

Two promising neutron sources for the build up of the heavy s-process isotopes were

early recognized ([28], [29]): the 22Ne(α,n)25Mg reaction and the 13C(α,n)16O reaction.

On the basis of detailed AGB stellar models, it has been understood that the major source

of neutrons in low mass AGB stars is provided by the 13C(α,n)16O reaction. The s-

process nucleosynthesis mostly occurs during the relatively long interpulse period (namely

the time elapsed between two subsequent TPs), in a thin radiative layer at the top of the

He intershell (∼ 10−3 M�), when the temperature ranges between 80 and 100 × 106 K
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[153]. A second neutron burst giving rise to a small neutron exposure, but with a high

peak neutron density, is released by the marginal activation of the 22Ne neutron source in

the convective TPs, modifying the final s-process composition at branchings along the s

path depending on the neutron density or on temperature.

4.2 Approaching the Thermally Pulsing AGB

The evolutionary track in the HR diagram calculated for a 2 M� star of solar metallicity

is reported in Figure 4.2. The initial model is fully convective and corresponds to the pre-

main sequence contraction phase, with a central temperature of about 105 K. The model

has been evolved from the pre-main sequence, through core H burning, the red giant branch

(RGB), the off-center He flash and the He burning, up to the AGB.

Figure 4.3 Surface abundances variations after the occurrence of FDU episode in
the M = 2 M� model with solar metallicity. Note that the He abundance has been
divided by a factor 100 in order to match the box.
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After the star leaves the main sequence and first becomes a red giant, the convective

envelope penetrates in the radiative region above the H shell, enriching the surface com-

position with the ashes of proton captures occurred in this deep zone during the main

sequence (first dredge up, FDU); with respect to the pristine composition, 4He, 3He, 13C,
17O, and 14N are enhanced, while 12C, 15N and 18O are depleted (see Fig. 4.3). Light

Figure 4.4 3α luminosity evolution during the off center He-flash in the M = 2
M� model with solar metallicity.

elements, Li and Be, are practically extinguished. The upper mass limit for the occurrence

of the first dredge up increases with the metallicity. At Z=0.02, all stars entering the

AGB have experienced the first dredge up episode, but this only occurs for M < 3 M�
and M < 2.5 M� when Z=0.001 and Z=0.0001, respectively ([21], [49]). After the FDU,

the star climbs along the RGB up to the tip and a violent off-center He-flash develops

(see Fig. 4.4): when the electronic degeneration is removed, a strong thermonuclear run-

away develops, whose luminosity is more than 3×109L�. After a couple of weaker flashes,
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the core He-burning starts (blue loop in the HR diagram of Fig. 4.2). In Table 4.1 we

Z ∆tH Mcc HeFDU logLRGB
tip Mini

H ∆tHe Mend
H

1.5×10−2 1008 0.293 0.281 3.365 0.470 111 0.521
1×10−3 644 0.365 0.263 3.119 0.454 100 0.587
1×10−4 562 0.386 0.269 2.560 0.369 121 0.620

Table 4.1 Properties of the pre-AGB phase of M = 2 M� models with different
metallicities (see Table 3.1 for the adopted initial abundances). We refer to Chapter
7 for details about their AGB phase.

report the fundamental properties of the evolutionary sequences (up to core He-burning)

for 3 different models with the same initial mass (M=2M�) and different metallicities

(Z=Z�, Z=×10−3 and Z=1×10−4). We tabulate, by column, the following quantities:(1)

the model metallicity, (2) the core H-burning lifetime (in Myr), (3) the maximum size of

the convective core during central H burning, (4) the surface He mass fraction after the

FDU, (5) the tip luminosity of the first RGB (in solar luminosities), (6) the mass of the

H-exhausted core at the beginning of the He core burning, (7) the core He-burning lifetime

(in Myr) and (8) the mass of the H-exhausted core at the end of the core He burning. All

masses are in solar masses units.

In stars less massive than ∼ 10 M�, central He burning leaves a compact C-O core. After

He exhaustion, the central density rapidly increases (above 105 and up to 108 g/cm−3),

electrons become highly degenerate and a huge energy loss by plasma neutrinos takes place.

The neutrino energy depletion is only partially supplied by the release of gravitational

energy from the core contraction, and the thermal content of the core is used to balance

the deficit. The resulting cooling starts from the center, where the density is higher, and

the maximum temperature moves progressively outward. It exists a maximum mass, called

Mup, for which the whole core cools down, a fact that prevents carbon ignition. The precise

value of Mup depends on the chemical composition: it is ∼7 M� for population I stars (of

nearly solar composition) and for very metal-poor stars (population III), while it is smaller

(∼6 M�) for population II (halo) stars. Stars with mass slightly larger than Mup suffer a

violent carbon ignition in degenerate condition ([48], [137]). Stars with smaller mass enter

the TP-AGB phase (see [49] for an updated presentation of the pre-AGB evolution).

During the first part of the Asymptotic Giant Branch (called early-AGB), the He shell

burning progressively moves outward and the mass of the C-O core increases. In low mass

stars, the H burning maintains an entropy barrier that limits the internal boundary of the
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external convective layer. In contrast, in massive AGB stars, owing to the huge energy

flux coming out from the He burning zone, the base of the H-rich envelope expands and

cools, so that the H burning dies down. In this case, the external convection penetrates

inward, within the H-depleted zone. This is the second dredge up (SDU), found in stellar

models with M > 3−5 M�, depending on the chemical composition1. As a consequence of

the SDU, a further increase of the surface abundances of helium and nitrogen is expected

in massive AGBs. In addition, the SDU reduces the H-depleted region and prevents the

formation of massive white dwarfs.

Finally, when the He burning shell gets closer to the H/He discontinuity, it dies down

and, after a rapid contraction, the H burning shell fully supplies the surface energy loss.

4.3 Thermally pulsing AGB

The temporary stop of the He burning shell marks the beginning of the TP-AGB phase.

The first thermal pulse occurs when the H burning shell accumulates enough He below it,

so that the He-rich zone is compressed and heated, and He reignites. Despite the degree

of electron degeneracy of the He-rich material is weak, a thermonuclear runaway occurs,

because the thermodynamical time scale needed to locally expand the gas is much longer

than the nuclear burning time scale of the 3α reaction [144]. Owing to the fast release

of nuclear energy, the local temperature increases and the He burning luminosity blows

up, in extreme cases to 109 L�. The thermonuclear runaway drives the formation of a

convective zone that extends from the region of the He burning to the H/He discontinuity

(see Figure 4.5). At the base of this convective shell an incomplete He burning takes

place and the products of the 3α reaction (essentially carbon) are mixed over the whole

intershell. At the quenching of a thermal instability, the resulting mass fraction of C in

the top layer of the He intershell is X(12C) ∼ 0.25. When the expansion has progressed

far enough, the temperature of the He shell decreases and a quiescent He burning phase

begins. The variations of the H and He burning luminosities for the 2 M� model with

Z = Z� are reported in Figure 4.6. The expansion powered by the thermal instability

pushes outward the layers of material located above the He burning shell. The temperature

and the density at the base of the H-rich envelope decrease and the H burning shell dies

down. In these conditions, a TDU episode is strongly favored. Indeed, at the interface

between the envelope and the mantel, owing to the large energy flux coming from below,

1the lower the metallicity, the smaller the minimum mass for the occurrence of the second dredge up.
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Figure 4.5 Convective episode (dashed area) in the M = 2 M� model with solar
metallicity, during and after the 6th TP followed by TDU. Note how the convective
zone generated by the TP covers the whole He intershell. After about 200 years,
the external convection penetrates inward (TDU).

the local temperature gradient increases. On the other hand, due to the low density, the

ratio of the gas pressure to the radiation pressure decreases and the adiabatic temperature

gradient approaches its minimum allowed value for a fully ionized gas plus radiation (i.e.

(dlogT/dlogP )ad = 0.25). Then the Schwarzschild criterion for the convective instability

(see Section 3.2) is more easily fulfilled and the envelope may penetrate (in mass) within

the He intershell. The propagation of the convective instability is self-sustained due to

the increase of the local opacity that occurs because fresh H (high opacity) is brought by

convection into the He-rich layers (low opacity). If the dredge up is deep enough to overlap

the region previously mixed by the convective zone generated by the TP, helium, carbon

and heavy s elements are brought to the surface. A C(N) star may eventually form as a

consequence of a series of recurrent TDU episodes ([85], [111], [154]).

Between two subsequent pulses (interpulse phase), the H burning shell supplies the

energy radiated by the stellar surface and the luminosity of the star basically depends on

the mass of the H-exhausted core, MH. In other words, a direct correlation exists between



4.4. The third dredge up 31

Figure 4.6 Thermally pulsing AGB evolution of the M = 2 M� model with solar
metallicity. Panel a): energy production rate of the H burning shell; Panel b):
energy production rate of the He burning shell.

the core mass and the stellar luminosity ([123], [87])2. As the H burning shell advances in

mass, the internal boundary of the convective envelope recedes, but always remains very

close to the region where the thermonuclear reactions are switched on.

4.4 The third dredge up

The products of the s-process nucleosynthesis as well as those of the He burning can be

actually observed only if the TDU takes place. The TDU is driven by the expansion of

the envelope powered by a thermal pulse. It is deeper when the strength of the pulse,

2The classical core mass-luminosity relation, as reported by [87], relates the maximum luminosity reached
toward the end of the interpulse phase and the mass of the H-exhausted core, namely: Lmax = 5.925 ×
104(MH − 0.495).
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as measured by the maximum luminosity attained by the He burning, is stronger. In

principle, the strength of the pulse depends on temperature and density of the He-rich

layer at the epoch of the ignition. The higher is the density and the temperature at He

ignition, the stronger the thermal pulse is. For this reason, since He is accumulated by

the thermonuclear fusion occurring in the H burning shell at the base of the envelope, the

H burning rate is among the most important quantities regulating the physical conditions

of the point where He ignites. It follows that the third dredge up is influenced by the

parameters affecting the H-burning rate such as, in particular, the metallicity, the mass of

the H-exhausted core and the mass of the envelope ([183], [87], [156]). As a general rule,

a slower H burning implies a higher density of the He-rich layer and, therefore, a stronger

TP ensues. Such an occurrence suggests a few important considerations:

i) along the AGB, the mass of H-depleted material that is dredged up in a single episode

(δMTDU) initially increases, because the core mass increases, reaches a maximum and then

decreases, when the mass loss erodes a substantial fraction of the envelope;

ii) for given core and envelope masses, the TDU is deeper in low metallicity stars,

because the H burning is less efficient (see Chapter 7);

iii) there is a minimum envelope mass for which the TDU takes place. This minimum

depends on the core mass and on the chemical composition of the envelope; we found that

the TDU ceases when the envelope mass becomes smaller than 0.3 ÷ 0.5 M� [156] (see

Chapter 7). This implies that in stars of initial mass below a given threshold (M < 1.2

M�), the residual envelope mass at the beginning of the thermally pulsing AGB is already

too small and the TDU cannot takes place. As a matter of fact, AGB stars belonging to

the Galactic Globular Clusters, whose initial mass are of the order of 0.8 − 0.9 M�, do

not show the enhancement of C and s-elements, which is the signature of the TDU [151].

Similarly, at variance with their metal-rich disk counterparts, halo post-AGB stars do not

show any significant enhancement of the s-elements [63].

4.5 Mass loss

During the AGB, the star may become unstable against large amplitude pulsations. Pul-

sations induce a compression of the gas and the resulting increase of the density of the cool

atmospheric layers favors the formation of complex molecules and dust grains, which trap

the outgoing radiation flux driving a strong wind. Mass loss could also be influenced by the

environment, as in close binary systems or in crowded stellar populations, like the central
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region of Globular Clusters. Mass loss erodes the envelope causing important changes in

the stellar properties. The duration of the AGB, the strength of the pulse, the efficiency

of the TDU are a few examples of the quantities affected by the mass loss. The correct

evaluation of the mass loss rate is also required to estimate the degree of chemical pollution

of the interstellar medium ascribed to AGB stars.

Figure 4.7 Mass loss rates versus period measurements (symbols) compared with
the prescription proposed by [167] (line).

The AGB mass loss rate may be estimated from infrared color indices or from molecular

CO rotational lines measurements. The available data indicate that it ranges between 10−8

and 10−4 M�/yr. In variable AGB stars, the larger the period the larger the mass loss

is. No other correlations between mass loss and stellar parameters (luminosity, mass,

composition) have been clearly identified (see e.g. [178]). The poor knowledge of the

actual mass loss rate is one of the major uncertainties of AGB stellar models. Much

effort has been devoted to derive a suitable prescription for this phenomenon to be used
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in calculations of AGB evolutionary models. The Reimers’ formula3 was introduced to

describe the mass loss in population II red giants [132] and the η parameter was calibrated

according to the luminosity and color distribution of bright globular clusters stars (η ∼ 0.4,

[134]). Unfortunately an equally stringent constraint for the calibration of the mass loss

rate in AGB stars is lacking. In principle, the mass loss rate may be adjusted in order

to reproduce the observed luminosity functions of the AGB stellar population, or that of

a sub-sample of AGBs, like the C(N)-stars. Another important constraint can be derived

from the initial to final mass relation [177]. On the basis of synthetic AGB models, [71]

suggested that a Reimers’ mass loss formula, with the parameter η = 5, provides a suitable

reproduction of these observational constraints. Their method, however, only indicates the

average mass loss rate, whereas the mass loss history remains largely unknown. Indeed

[72] showed how different mass loss prescriptions may equally fulfil the same constraints.

Our tests, which make use of detailed stellar models to reproduce similar observational

constraints, show that the mass loss rate suggested by [71] may be adequate only for the

more massive and/or more evolved AGB stars, but in low mass AGBs it is definitely too

high.

A possible alternative method to estimate the mass loss rate is based on the observed

correlation with the pulsational period [167]. Since the evolution of the pulsational period

depends on the variations of radius, luminosity and mass, this relation provides a simple

method to estimate the evolution of the total stellar mass from basic stellar parameters. In

Figure 4.7 we collected data for the mass loss rate versus period, as measured by various

authors for O-rich ([180], open circles) and C-rich ([178],[142], triangles and squares) AGB

stars. Beside the evident spread of the data, three different regimes can be recognized:

i) P < 300 days: moderate mass loss (roughly between 10−8 and 3 × 10−7 M�/yr);

ii) 300 < P < 1000 days: exponential increase of the mass loss;

iii) P > 1000 days: the mass loss approaches a maximum (∼ 5 × 10−5 M�/yr), which

roughly coincides with the expected radiation-pressure-driven limit [167].

The dot-dashed line in the figure represents the prescription proposed by [167]. It clearly

underestimates the mass loss rate of short period variables, whilst for P ranging between

500 and 1000 days the mass loss appears too high by an order of magnitude. Thus, we

have worked out a new relation, which provides a better calibration of the mass loss-period

relation, namely:

3Ṁ(M�/yr) = 1.34 × 10−5 · η · L
3
2

M·T2
eff

, where L and M are in solar units and the effective temperature

in K.



4.5. Mass loss 35

• for logP < 2.5

Ṁ = 1.34 × 10−5 · η · L
3
2

M · T 2
eff

(η = 0.4) ;

• for 2.5 ≤ logP ≤ 3.1

Ṁ = max

⎧⎪⎨
⎪⎩

1.34 × 10−5 · η · L
3
2

M ·T 2
eff

(η = 0.4)

10[−101.6+63.26·logP−10.282·(logP )2]
;

• for logP > 3.1

Ṁ = 5 × 10−5 .

According to long period variables data [73], we derive the pulsational period for the model

by using the period-MK relation proposed by [178]. The bolometric corrections (needed to

calculate MK) are estimated by adopting the temperature-MK relation calculated by [53]

by fitting spectra of very bright M-giant stars in the Solar neighborhood. This prescription

Figure 4.8 Variation versus time of the envelope mass according to different mass
loss prescriptions (see text), for an AGB model of initial mass M = 2 M� with solar
metallicity.

has been used in our latest calculations of low mass AGB stellar models (see Section 7.1,

Section 7.2 and the discussion at the end of Section 8.1). In Figure 4.5 we report the

evolution of the envelope mass (Menv) of a 2 M� AGB stellar model, as obtained under

different prescriptions for the mass loss, namely: Reimers (η = 5), Reimers (η = 0.5),
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Vassiliadis & Wood (VW) and our new calibration of the mass loss-period relation (PW).

The 0 of the temporal scale corresponds to the beginning of the TP-AGB phase. Note

how the mass loss history depends on the rate prescription. While the Reimers’ formula

provides a constant increase of the mass loss, the Vassiliadis and Wood rate leads to a

negligible mass loss for the major part of the AGB evolution, with a sudden increase to

the radiation-pressure-driven limit toward the end. Our prescription resembles a moderate

Reimers’ (η = 0.5) mass loss rate for the first 1.2 Myr and switches to the stronger η = 5

in the late TP-AGB phase. Note how the different prescriptions affect the duration of the

AGB and, in turn, the AGB luminosity function and the estimated contribution of AGB

stars to the Galactic chemical evolution. Finally, let us stress that in the observational

sample used to calibrate the mass loss rate no indication about the star’s metallicity is

present: we therefore lack of a reliable mass loss estimate at low metallicities. In order

to fill the gap, we follow prescriptions from [22], who consider the shift of the superwind

effect to higher luminosity in very low metallicity variable stars.
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The nuclear network

In this Chapter we present the nuclear network adopted in the

framework of the FRANEC code: we currently follow the nucleosyn-

thesis of about 500 isotopes (from H to the Pb-Bi-Po ending point)

linked by more than 750 reactions. This network, the same already

used in the post-process calculations [59], is continuously upgraded

according to the latest theoretical and experimental nuclear physics

improvements.

The simultaneous solution of the stellar structure equations and a full network includ-

ing all the relevant isotopes up to the termination point of the s-process path (Pb-Bi)

requires a relevant computational power. For this reason, a post-process nucleosynthesis

calculation, based on AGB stellar models computed with a restricted nuclear network, was

generally preferred. In spite of these limitations, this approach provided a very important

improvement with respect to prior calculations, based on the so-called classical analysis

of the s process (see discussion in [10]). The coupling of a stellar code with a complete

nuclear network has not been feasible so far, but this limitation has been overcome thanks

to last computer generations. AGB model presented in this work are therefore calculated

by using an extended set of nuclear processes including all chemical species involved in the

s-process nucleosynthesis. In the following Sections we summarize the reactions inserted

in the network, by describing our choices and by listing the adopted references.

37
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5.1 Charged particle capture reactions

Reaction rates of isotopes involving charged particles are generally taken from the NACRE

compilation [8]. For those reactions not included in that database, we use the rates tab-

ulated by [33] and [127], with some exceptions (see Table 5.1 for a complete list of the

adopted reaction rates). In Fig. 5.1 we report a section of the nuclear database in the

Figure 5.1 Nuclear network section in the Na-Mg-Al region.

Na-Mg-Al region. Nuclear processes are represented with different colors; weak interactions

are plotted as black arrows.

Between charged particle reactions, the choice of the 14N(p,γ)15O is of particular

importance. In our network, we use the result of the recent measurement obtained by the

LUNA collaboration [88]. Being the bottleneck of the CNO cycle, this reaction regulates

the He deposition on the intershell of an AGB star and in turn affects the pulse strength

and the efficiency of the TDU (see the discussion in section 4.4). The new low energy

astrophysical factor (S(0)=1.7 MeV barn) is about 40% lower than that suggested by

NACRE.
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5.1.1 Neutron sources

A subthreshold resonance makes difficult the low energy extrapolation of the 13C(α,n)16O

reaction rate. We adopt the rate suggested by [51]. We also investigate the effects of

different rates ([106], [8]) and we find a negligible modification of the final surface isotopic

distribution. In Section 9.1 we give details concerning this test.

The 22Ne(α,n)25Mg rate is even more complex, owing to the possible existence of unknown

low energy resonances [105]. We adopt the value suggested by [93].

5.2 Neutron capture reactions

Neutron captures belong to the two body i+j −→ k+ l reaction class (i represents the seed

nucleus, j the neutron, k is the newly synthesized A+1 nucleus and l a γ-ray). Labeling as

Npair the pair number i-j, it results

Npair =
NiNj

ni!nj!
=

NiNj

1 + δij
, (5.1)

(where ni is the particle number of element i involved in the reaction). Defining N(v)dv as

the neutron-nucleus pairs whose relative velocity is between v and v + dv, the number of

reactions per time unit and per nucleus A is

Nreactions =
∫

N(v)σvdv , (5.2)

being σ the radiative neutron cross section. If we define ñ(v) = N(v)
Npair

, under the assumption

that

∫
ñ(v)dv = 1 , (5.3)

we obtain

Nreactions = Npair

∫ +∞

0
ñ(v)σvdv , (5.4)

or (in astrophysical notation)

Nreactions = Npair < σv >ij . (5.5)

Being
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Ni

V
= ρNAv

Xi

Ai
, (5.6)

and indicating with Yi = Xi
Ai

the number fractions and with NAv the Avogadro’s number,

the reactions number per time unit and per mass unit is:

Rij =
YiYj

Ni!Nj !
N2

Avρ < σv >ij . (5.7)

With n-capture reactions we mean (n, γ), (n, α) and (n, p) processes. For the (n, γ) re-

actions, we adopt, as reference compilation, the recommended rates by [12] (hereafter

BK2000). In that paper, experimental and theoretical data are critically revised and the

reaction rates are listed as a function of the thermal energy from 5 to 100 keV. We recall

that the typical thermal energy at which the s-process nucleosynthesis occurs in AGB stars

are 8 keV for the 13C(α,n)16O reaction and 23 keV for the 22Ne(α,n)25Mg reaction. For

the few reactions not included in BK2000, we use the theoretical calculations of [127].

Starting from this database, we have upgraded the network with the most recent ex-

perimental results. With regard to Si isotopes we refer to [76], Cl isotopes to [75], 60Ni

to [43], 62Ni to [128], 88Sr to [103], Kr isotopes to [60], Xe isotopes to [130], Cd isotopes

to [181], Cs isotopes to [124], 139La to [121], Pm isotopes to [131], 151Sm to [2], Eu iso-

topes to [17] and finally Pt isotopes to [104]. The rates of (n, α) and (n, p) reactions

involving heavy isotopes are taken from RT2000. We adopt the (n, α) and (n, p) rates

on light isotopes from various authors. In particular: the 14N(n,p)14C is taken from

[101], the 17O(n,α)14C from [171], the 26Al(n,p)26Mg from [102], the 26Al(n,α)23Na from

[170] and the 33S(n,α)30Si from [141]. The 35Cl(n,p)35S rate has been derived from

[52], the 36Cl(n,p)36S and the 36Cl(n,α)33P from [169], the 37Ar(n,p)37Cl and the
37Ar(n,α)34S from [64]. The 39Ar(n,α)36S is from [65], while the 41Ca(n,p)41K and

the 41Ca(n,α)38Ar rates are from [168]. In Fig. 5.2 we report three network sections

around magic nuclei, corresponding to the s-process bottlenecks (see Chapter 2): with re-

spect to Fig. 5.1, only neutron capture processes (red lines) and weak interactions (black

arrows) appear. At the s-process ending point (i.e. in the Pb-Bi region) α decays start

being efficient.

5.3 β decay reactions

During s-process nucleosynthesis, main competitors to neutron captures are β decays and

electronic captures:
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Figure 5.2 Nuclear network sections around magic number nuclei.

NA(Z,N) β−
�−→ NA(Z + 1, N − 1) + e− + νe , (5.8)

NA(Z,N) β+

�−→ NA(Z − 1, N + 1) + e+ + νe . (5.9)

NA(Z,N) + e− β+

�−→ NA(Z − 1, N + 1) + νe . (5.10)

Labeling as Ni the particle number suffering a β decay and with λi = 1
τi

their decay

probability ( τi is their half time), at the time t the surviving particle number is

Ni(t) = Ni(0) exp−(λit) , (5.11)

while the per second decay is

A =
∣∣∣∣dNi

dt

∣∣∣∣ = Niλi . (5.12)
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The β decay rate is then:

Ri = NAvYiλi . (5.13)

Weak interaction rates (electron captures, and β decays) are interpolated as a function

of the temperature and electron density. At temperatures lower than 106 K we assume a

constant value equal to the terrestrial one. For isotopes up to 37Ar, data have been taken

from [122], with the exception of 7Be [33] and the isomeric state of 26Al, for which we refer

to [41]. Concerning the unstable isotopes between 39Ar and 45Ca we use prescriptions by

[57], while between 45Ca and 64Cu (excluding 63Ni) we follow [109]. For 63Ni and heavier

isotopes we use the rates tabulated in [160], with the exceptions of 79Se and 176Lu, for which

we refer respectively to [99] and [100]. For the few rates not included in any compilation,

we use the terrestrial value.

If the β decay rate is comparable with the neutron capture one, in the s-process appear

a branching, whose treatment results very difficult, considered the eventual dependencies

on temperature and neutron density. It is therefore extremely important to know the

branching factor, given by:

f− =
λβ

λβ + λn
, (5.14)

where λβ = ln 2
t 1
2

is the β decay rate ( t 1
2

represents the isotope half time) and λn the neutron

capture rate: λn = nnσvT .

5.4 Isomeric states

Isomeric states are excited levels having a lifetime largely longer than a normal exited

level. The existence of isomeric states of unthermalized isotopes leads to ramifications of

the s-process flux ([174], [175]). In particular, branching points originated by the isomeric

state of 26Al, 85Kr, 176Lu and 180Ta require particular attention.

Concerning 26Al, the proton capture on 25Mg is split in two distinct reactions: the first

produces the ground state 26Alg (with terrestrial half life T1/2 = 7.16 × 105 yr) and the

second creates the isomer 26Alm that almost instantaneously decays into 26Mg. Therefore,

the isomeric state 26Alm and the ground state 26Alg have to be treated as separate particles,

if not thermalised.

Concerning 85Kr (see Fig. 5.3) ground and isomeric states result completely indepen-

dent if the neutron density nn > 107 cm−3: it is then necessary to treat isomeric and
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Figure 5.3 Nuclear processes active in the region of krypton isotopes (in yellow
stable isotopes, in blue the unstable ones).

Hf

174 176173
175m

175g
177

175 177
176m

176g

176 178 179177

Lu

Yb

Figure 5.4 Nuclear processes active in the region of lutetium isotopes (in yellow
stable isotopes, in blue the unstable ones).
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ground states as two separate isotopes. The neutron capture of 84Kr to 85Krm has a 50%

probability with respect the total cross section (at 30 keV, [15]). 85Krm has a non-zero

probability to decay by internal conversion to its ground state (of 20%), thus leading to

the following isomeric ratio (IR):

IR =
σ(84Kr(n, γ)85Krm)
σtot(84Kr(n, γ)85Kr)

= 0.42 . (5.15)

Note that the β− half life of 85Krm is 4.48 h, while that of 85Krg is 10.76 yr.

The situation in the (Yb,Lu,Hf) region is even more complex, but it represents a sen-

sitive s-process thermometer because of the presence of two s-only isotopes (176Lu and
176Hf), shielded against the r-process β decay chain by their stable isobar 176Yb (see Fig.

5.4). Isomeric and ground state interact by thermally induced transitions, depending on

the stellar environment temperature: around 3×108 K an enhanced feeding of the ground

state is expected [182].

We adopt this isomeric ratio:

IR =
σ(175Lu(n, γ)176Lum)
σtot(175Lu(n, γ)176Lu)

= 0.2, (5.16)

with the exception of a restricted temperature range (2.3×108< T <4.6×108), where we

assumed an effective IR=0.25 (Gallino R., private communication). A detailed analysis of

this branching using new experimental determinations of IR(176Lu) is underway (Gallino

R., private communication).

Finally, for the complex treatment of the branching between isomeric and ground state

of 180Ta, we refer to [119].
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H(p,ν)2H [8] 19F (α,p)22Ne [164]
2H (p,γ)3He [8] 19F (α,n)22Na [33]

3He (3He,α)2H [8] 20Ne(p,γ)21Na [8]
3He (α,γ)7Be [8] 20Ne(α,γ)24Mg [8]
4He (α,α)12C [33] 21Ne(p,γ)22Na [8]
6Li (p,γ)7Be [8] 21Ne(α,γ)25Mg [33]

6Li (p,3He)4He [8] 21Ne(α,n)24Mg [8]
7Li (p,α)4He [8] 22Ne(p,γ)23Na [8]
7Be (p,γ)8B [8] 22Ne(α,n)25Mg [93]
9Be (p,γ)10B [8] 22Ne(α,γ)26Mg [96]
9Be (p,α)6Li [8] 22Na(p,γ)23Mg [8]
10B (p,γ)11C [8] 22Na(α,γ)26Alg [161]
10B (p,α)7Be [8] 22Na(α,p)25Mg [127]
11B (p,γ)12C [8] 22Na(α,n)25Al [127]

11B (p,α)24He [8] 23Na(p,γ)24Mg [8]
12C (p,γ)13N [8] 23Na(α,γ)27Al [127]
12C (α,γ)16O [107] 23Na(α,p)26Mg [127]
13C (p,γ)14N [8] 23Na(p,α)20Ne [8]
13C (α,n)16O [51] 24Na(p,γ)25Mg [127]
14C (p,γ)15N [33] 24Na(α,γ)28Al [127]
14C (α,γ)18O [33] 24Na(α,p)27Mg [127]
14N (p,γ)15O [88] 24Mg(p,γ)25Al [8]
14N (α,γ)18F [67] 24Mg(α,γ)28Si [33]
14N (α,p)17O [33] 25Mg(p,γ)26Alg [8]
15N (p,γ)16O [8] 25Mg(p,γ)26Alm [8]
15N (p,α)12C [8] 25Mg(α,γ)29Si [33]
15N (α,γ)19F [8] 25Mg(α,p)28Al [33]
16O (p,γ)17F [8] 25Mg(α,n)28Si [8]

16O (α,γ)20Ne [8] 26Mg(p,γ)26Al [8]
17O (p,α)14N [8] 26Mg(α,γ)30Si [33]
17O (p,γ)18F [8] 26Mg(α,n)29Si [8]

17O (α,γ)21Ne [33] 26Alg(p,γ)27Si [8]
17O (α,n)20Ne [8] 26Alg(α,p)29Si [161]
18O (p,γ)19F [8] 26Alg(α,n)29P [161]
18O (p,α)15N [8] 26Alg(α,γ)30P [161]
18O (α,γ)22Ne [96] 27Al(p,γ)28Si [8]
18O (α,n)21Ne [8] 27Al(p,α)24Mg [8]
19F (p,γ)20Ne [8] 27Al(α,γ)31P [127]
19F (p,α)16O [8] 27Al(α,p)30Si [127]

Table 5.1 Charged particle reactions section of the FRANEC nuclear network.
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Chapter 6

The formation of the 13C pocket

A major improvement in our stellar evolution code is the in-

troduction of a physical algorithm for the treatment of the convec-

tive/radiative interfaces. In such a way we succeed to overcome the

discontinuity in the thermal gradients that otherwise would result at

the border of the H-rich convective envelope and the inner radiative

C and He-rich intershell region. Furthermore, the partial diffusion

of protons in the top layers of the He shell gives naturally rise to

the subsequent formation of a 13C-rich tiny layer: the so-called 13C

pocket. This pocket results partially overlapped with an outer 14N

pocket, followed by a further minor 23Na pocket, both of primary

origin. Moreover, we test the dependency of the newly introduced

algorithm from the free parameter β, implicit in its formulation.

As outlined in previous Chapters, in TP-AGBs two major neutron sources may operate

within the intershell: the 22Ne(α,n)25Mg and the 13C(α,n)16O reactions.

The amount of 14N left by the H burning at the top of the intershell is practically equal

to the sum of the abundances (by number) of the C-N-O in the envelope. During the early

phase of the convective thermal pulse, the material within the intershell is fully mixed and

the 14N is totally converted into 22Ne throughout the chain 14N(α,γ)18F(β+ν)18O(α,γ)22Ne.

Near the peak of the thermonuclear runaway, if the temperature is high enough (i.e. ∼3.5

× 108 K), the 22Ne(α,n)25Mg reaction may provide a significant neutron flux. Iben ([82])

first demonstrated that this condition is fulfilled in intermediate mass stars. Actually, in

low mass stars (M < 3 M�), the temperature at the base of the convective zone generated

by the TP barely attains 3 × 108 K (see Tables 7.1, 7.3 and 7.4 in Chapter 7) and the 22Ne

neutron source is marginally activated ([84], [154], [59]).

47
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In low mass AGB stars, an alternative neutron source is provided by the 13C(α,n)16O

reaction: its activation requires a substantially lower temperature, namely ∼90 × 106 K,

easily attained in the He intershell. Note that between two subsequent TPs, the H burning

shell leaves some 13C in the upper region of the He-rich intershell. The burning of this 13C,

however, produces a negligible neutron flux, even if, as a consequence of the TDU, the CNO

in the envelope may grow up to 10 times the solar abundance. This occurs because, in the

material processed by the CNO burning, the 14N is, in any case, two orders of magnitude

more abundant than the 13C. In practice, all the neutrons released by the 13C left by the H

burning are captured by the abundant 14N. Then, an alternative source of 13C is needed,

in a zone where 14N is depleted. In nature, 13C is produced via 12C(p,γ)13N(β+ν)13C.

After each TP, the material within the He-rich intershell is plenty of 12C and all the 14N

has been converted into 22Ne, but it is also H depleted. So, the problem is how to inject a

few protons into the He-rich intershell.

Sackmann et al. [138] suggested that the convective zone generated by the thermal pulse

could extend beyond the H/He discontinuity. In this case, protons are ingested downward,

where the temperature is so high that the reaction chain 12C(p,γ)13N(β+ν)13C(α,n)16O

would release neutrons. Against this hypothesis, [83] argued that during the thermonuclear

runaway the H burning shell remains active and generates an entropy barrier that prevents

the penetration of the convective instability into the H-rich envelope. Extant AGB stellar

models show that only in very metal-poor stars, owing to the lack of CNO, ingestion

of protons in the convective pulse may occur ([56], [92], [157], [158]). More favorable

conditions for the formation of a 13C pocket within the intershell are realized at the epoch

of the TDU and during the so-called post-flash dip, the period that immediately follows

the TDU [87]. Indeed, as a consequence of the TDU, a sharp discontinuity between the

H-rich envelope and the He- and C-rich intershell forms. This condition is maintained until

H burning is reignited. The time elapsed from the maximum penetration of the convective

envelope and H reignition is about 104 yr (for a star of 2 M�). During this period, different

physical mechanisms may contribute to the downward diffusion of a few protons into the

underlying radiative layer. In such a case, at H reignition the top layers of the He intershell

heat up and a 13C pocket forms. Roughly speaking, the required mixing process must be

able to diffuse about 5×10−5 M� of H within a region as large as ∼ 10−3 M�. Note that an

excess of protons must be avoided, because in that case the production of 13C is followed

by the production of 14N (via 13C(p, γ)14N reaction). Straniero et al. [153] demonstrated

that the 13C formed in this way is fully consumed by the 13C(α,n)16O reaction in radiative
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conditions during the interpulse phase, when the temperature reaches ∼ 90 × 106 K, giving

rise to a substantial neutron exposure with a maximum neutron density of 107 cm−3. The

expected s-process nucleosynthesis has been first calculated by [59].

6.1 The velocity profile algorithm

Among the various attempts to find the possible mechanism responsible for the formation

of the 13C pocket, [85] evaluated the timescale of the atomic diffusion driven by the sharp

composition gradient left by the penetrating convective envelope at the time of the TDU

and concluded that this is a promising possibility to diffuse enough protons from the enve-

lope into the He-rich intershell. More recently [79], inspired by hydrodynamical simulations

Figure 6.1 Radiative and adiabatic gradients at the inner border of the convec-
tive envelope during a TDU episode (Left Upper Panel: without velocity profile
algorithm; Right Upper Panel: with velocity profile algorithm) and at the bottom
of a convective He-shell during a TP (Lower Panel).
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of [54], invoked mechanical overshoot of material from the bottom of the convective enve-

lope into the underlying stable region. AGB models taking into account stellar rotation

were calculated by [110] and a certain mixing of protons into the intershell at the epoch

of the TDU was found. However, this rotationally induced mixing does not stop when the

Convective velocity

Pressure

Figure 6.2 Chemical profile (upper Panel), temperature gradients (middle Panel),
average velocity and pressure (lower Panel), in the region at the convective boundary
during a TDU episode.

convective envelope recedes, but it continues during the interpulse period causing the con-

tamination of the 13C pocket with too much 14N. Gravity waves have been investigated to

explain the formation of the 13C pocket by [44], and [27] show that a magnetic field of 108

gauss, comparable with the one measured in white dwarfs, may induce a deep circulation

below the convective envelope at the epoch of the TDU, allowing the required diffusion of

protons into the intershell.

Owing to the lack of a reliable description of the physical phenomena that govern the
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diffusion of protons into the He intershell, in the current AGB nucleosynthesis calculations

the amount of 13C is assumed as free parameter (see [59]). In the model presented here

we adopt a simple approach based on an argument early discussed by [14] (see also [31],

[55]). When the TDU takes place, the opacity of the envelope (H-rich) is significantly

larger than the opacity of the underlying H-exhausted (and He-rich) region. This fact

causes an abrupt change of the temperature gradient at the inner border of the penetrating

convective envelope. In this condition, the convective boundary becomes unstable, because

any perturbation causing an excess of mixing immediately leads to an increase of the opacity

and, in turn, to an increase of the temperature gradient. This occurrence favors a deeper

penetration of the convective instability or, in other words, a deeper dredge up. A similar

mechanism is responsible for the growth of the convective core during central He burning

([123], [30]). A different view of the same phenomenon concerns the evaluation of the

average convective velocity. In the framework of the mixing length theory, this velocity is

proportional to the difference between the radiative temperature gradient (i.e. the gradient

necessary to carry out the total energy flux if convection would be inhibited) and the

adiabatic temperature gradient. For this reason, the average convective velocity usually

drops to 0 at the stable boundary of a convective layer, where the temperature gradient

coincides with the adiabatic one. However, when convection penetrates in a region of lower

opacity (this happens during a third dredge up episode), the difference between the actual

temperature gradient and the adiabatic gradient grows above 0 and a positive average

convective velocity is found at the inner border of the convective envelope, which, for this

reason, becomes unstable. In principle, as soon as He is mixed with the envelope, the

opacity and, in turn, the difference between the radiative and the adiabatic temperature

gradients are reduced. However, the mass of the convective envelope is usually much larger

than the amount of the dredged up material and the relaxing effect of the additional mixing

is, in practice, negligible ([55], [32]). Then, a simple thermodynamic criterion cannot be

used to determine the real extension of the convective instability. For sure, the steep

pressure gradient that develops immediately below the formal border of the convective

envelope limits the penetration of the instability, so that the average convective velocity

should rapidly drop to 0. In order to mimic this behavior, we assume that in the region

underlying the formal convective boundary, the average velocity follows an exponential

decline, namely

v = vbce exp
(
− d

βHP

)
, (6.1)
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where d is the distance from the formal convective boundary, vbce is the velocity of the

most internal convective mesh, HP is the pressure scale height at the formal border of

the convective envelope (defined by the Schwarzschild criterion) and β is a free parame-

ter. Note that this formula is similar to the ”overshoot” proposed by [79]. However, in

this case, since vbce is usually 0, it produces a negligible amount of extra mixing, except

during a dredge up. In Figure 6.1 we plot the radiative and the adiabatic gradients in

two different evolutionary phases: panel a) and b) show the gradients at the inner border

of the convective envelope during a TDU episode, while panel c) depicts the situation at

the bottom of a convective shell generated by a TP. Model shown in panel a) has been

calculated by simply applying the Schwarzschild criterion: the expected discontinuity in

the radiative border clearly appears. This abrupt step in the radiative gradient results

smoothed (panel b) if we use Formula 6.1 in calculating the convective velocities below

the inner border of the convective envelope. In this case, the profile results smoothed,

as a consequence of the diffused protons from the envelope, which enhance the opacity in

the underlying layers. The drop of the radiative gradient plotted in panel b) is however

shifted toward the interior with respect the convective border defined by the Schwarzschild

criterion: this is due to the fact that the velocity profile algorithm implies full convection in

the closest region below this formal border. The vertical dashed line in panel b) represents

the mass coordinate where the hydrogen profile starts significantly decreasing with respect

the envelope value. In panel c) we report the gradients at the bottom of a convective shell

generated by a TP: the radiative gradient doesn’t present discontinuities. This behavior

therefore confirms that the exponentially decaying profile of the convective velocities has to

be applied only at the inner border of the convective envelope (or more generally to H-rich

convective shells). This algorithm allows us to account for the partial mixing that occurs

when the time step is reduced to or below the mixing timescale. In practice, when the TDU

takes place, complete mixing is obtained within the fully convective zone, while the region

immediately below, where the convective turnover time scale is larger, is only partially

mixed. We refer to this region as the Velocity Profile Zone (hereafter VPZ). Figure 6.2

shows the chemical profile, the radiative and adiabatic temperature gradients, the average

velocity and the pressure, in the region around the convective boundary, in a model of 2

M� with solar metallicity, during a dredge up episode (see Section 7.1 for details). The

three major effects of the introduction of this exponential decay of the convective velocity

are: i) the convective boundary is more stable against perturbation; ii) a smooth profile of

protons within the intershell is left by the TDU; iii) a more efficient TDU results (see next
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Figure 6.3 Variation of the relevant chemical species in the region where the
13C pocket forms after the occurrence of the 2nd TDU (M = 2M� model with solar
metallicity). Each Panel refers to different time steps, namely: ∆t = 0 (a), ∆t =
3700 (b), 14100 (c) and 39200 (d) years.

Section). As a consequence of ii), a 13C pocket almost 14N-free forms in this zone. After

a few tests, we found that in order to get a suitable amount of 13C in the pocket, the β

parameter should be of the order of 0.1 (see Section 6.3).

Concerning the third point, the increase in the TDU efficiency is due to the fact that,

being the velocity profile algorithm partially mixing hydrogen from the envelope in the He-

and C-rich intershell, the penetrating envelope attain zones enreached in H with respect

to the case without the velocity profile. As a first consequence the opacity of that region

becomes greater and consequently the radiative gradient results enhanced, increasing in

such a way the difference between the radiative and the adiabatic temperature gradients

and consequently leading to higher values for convective velocities at the inner border of

the convective envelope.
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6.2 The 13C pocket

Figure 6.3 illustrates the various steps of the formation of a 13C pocket in a model with

initial mass M=2M� and solar metallicity (see Section 7.1 for details). Once the convective

envelope reached the maximum penetration (panel a), the temperature in the underlying

regions starts increasing (panel b) and protons (black dot-long-dashed profile) start being

captured by the abundant 12C (blue dotted line) and by the freshly synthesized 13C (red

solid line), leading to the production of 14N (green long-dashed line). The formation of the
13C and 14N pockets is followed (panel c) by the growth of a 23Na-rich layer (magenta short-

dashed long-dashed line). In panel d the H-shell reactivates and the convective envelope

recedes. In Fig. 6.4 we plot the chemical profiles of trace isotopes in the region around

the 13C pocket. The 13C pocket (red solid line) partially overlaps with a more external

Figure 6.4 Abundances profiles in the 13C pocket formed after the 2nd TDU
episode (M = 2M� model with solar metallicity).

14N pocket (green long-dashed line). The maximum of the 14N coincides with the region

where the protons diffused from the convective envelope at the epoch of the TDU were

abundant enough to allow a full CN cycle. This is also the region where the 23Na (magenta

short-dashed-long-dashed line) has been efficiently produced by the 22Ne(p,γ)23Na reaction.
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Indeed, at the end of the previous TP, the mass fraction of 22Ne (cyan short-dashed line)

in the top layer of the He-rich intershell is of the order of 2 10−2 and, around the 14N

maximum, this 22Ne is almost completely converted into 23Na, leading to the formation of

a tiny 23Na pocket. In Section 9.3 we evaluate the efficiency of this mechanism in producing

sodium and we compare it with other possible 23Na sources in AGB stars.

6.3 Tests on the velocity profile algorithm

The introduction of the exponentially decaying profile of convective velocities automatically

implies an assumption on the value of the free parameter β. In the models presented in

this work, we assume a value β=0.1 and in order to justify such a choice we perform

some tests on the Z=1 × 10−4 model. We calculate the same sequence TP-Interpulse-TP,

starting from the first TP followed by TDU, and we evaluate the consequences of changing

this parameter in the range 0< β <0.2. In Fig.6.5, Fig.6.6 and Fig.6.7 we present the
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Figure 6.5 Chemical profiles at the maximum penetration of the convective enve-
lope (left Panels) and after the formation of the 13C pocket (right Panels) after the
2nd TP with TDU in a M = 2M� model with Z=1×10−4. In each plot we report the
H (long-dashed line), 12C (dotted line), 13C (solid line) and 14N (short-dashed line)
profiles. Cases with no velocity profile (β=0), β=0.01 and β=0.05 are reported.

results: in the left panel of each plot we report the profiles of 12C (dotted line), 13C (solid
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Figure 6.6 As in Fig. 6.5, but referring to β=0.075, β=0.09 and β=0.1 cases.
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Figure 6.7 As in Fig. 6.5, but referring to β=0.125, β=0.15 and β=0.2 cases.
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line), 14N (short dashed line) and H (long dashed line) at the moment of the maximum

penetration of the convective envelope. The vertical short-dashed black line in each left

panel represents the inner border of the convective envelope as defined by the Schwarzschild

criterion. As already outlined in Section 6.1, the most external part of the VPZ results

almost fully mixed, due to the still high values of the convective velocities below the formal

border of the convective envelope. In right panels we plot the same mass regions once the

envelope has receded and the 13C pocket has already formed. In Table 6.1 we tabulate the

corresponding physical quantities, that is (from left to right) the value of the β parameter,

the deepest mass coordinate reached by the inner border of the envelope during the TDU,

the amount of dredged up material, the extension in mass of the newly formed 13C pocket,

the product β×HP (where HP is the pressure scale height at the bottom of the convective

envelope), the amount of hydrogen diffused in the VPZ and finally the resulting effective
13Ceff left in the VPZ, defined as

X(13Ceff ) = X(13C) − X(14N) × 14
13

. (6.2)

A first noticeable evidence is the strong dependence of the TDU efficiency from β: the

amount of material interested by a single TDU episode increases by more than a factor 3

(see column 3 in Table 6.1) from the case without overshooting and the extreme case β=0.2.

This is expected because, increasing the β value, the amount of extramixed hydrogen is

monotonically increasing, raising up opacities in the upper layers of the He-intershell: in

this way a deeper penetration of the convection envelope naturally develops (see Section

6.1). In contrast, the 13C available for the heavy elements nucleosynthesis (13Ceff in

equation 6.2) grows up with increasing β, reaches a maximum in correspondence of β=0.1

and then decreases down to negative values. This results from a combination of two different

physical processes: the growing of the 13Ceff is a direct consequence of the greater efficiency

of the velocity profile algorithm, while its decreasing for large β values is due to the fact that

the convection efficiency in the VPZ starts to be too high. This leads the most external

layers of the He-intershell being fully mixed and consequently showing an envelope-like

H abundance, instead of the H profile needed for the formation of the 13C pocket. The

negative values tabulated for the two tests with the highest β are due to the complete

overlapping between the 13C and the 14N pockets. In this case, all neutrons released by

the 13C(α,n)16O reaction are captured by the abundant 14N via the 14N(n,p)14C reaction,

de facto erasing the source for the heavy elements nucleosynthesis.

Summing up, we propose en efficient way to calibrate the free parameter affecting the

velocity profile algorithm, confining its possible values in a narrower range, and we adjust
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it in order to obtain the maximum 13C pocket. It has however to be reminded that, in

β MDeep MTDU ∆M β × HP [cm] ΣH Σ13C

NO 0.64400 1.90 - - - -
0.01 0.64282 2.80 7.20E-05 5.16E+07 2.01E-05 5.55E-08
0.05 0.64189 3.32 8.40E-04 3.10E+08 2.35E-05 6.07E-07
0.075 0.64128 3.63 1.39E-03 5.28E+08 4.01E-05 2.31E-06
0.09 0.64089 3.81 1.11E-03 5.44E+08 5.48E-05 4.65E-06
0.1 0.64081 4.10 9.53E-04 6.19E+08 6.63E-05 5.48E-06

0.125 0.63982 4.59 6.22E-04 1.05E+09 1.49E-04 5.61E-07
0.15 0.63885 5.15 3.20E-04 1.37E+09 1.72E-04 < 0
0.2 0.63749 6.12 2.40E-04 1.72E+09 2.07E-04 < 0

Table 6.1 Tests on β parameter. Columns 2, 4, 6 and 7 are in M� units, while
column 3 is in 10−3 M� units. See text for details.

general, observations show an important scatter of s-process abundances at any metallicity

[26]. This scatter reveals a spread of the effective amount of 13C in the pocket, perhaps

due to differences in the stellar parameters, such as the initial mass or the mass loss rate,

or to the chaotic nature of the process responsible of the proton injection into the He

intershell. Recent studies [80, 150] demonstrate that the effects induced by rotation during

the interpulse period after a TP can induce a spread of the abundances in the layers right

below the inner border of the convective envelope. This would be the direct consequence of

the shear between the rapid solid body rotation of the core and the slow rotating differential

envelope. We could then hypothesize that different rotational efficiencies could partially

mix the 13C pocket with the 14N one, leading to lower values of 13Ceff , and giving naturally

rise to the desired spread of the 13C pocket efficiencies.

We recall that the calibration we carry out is efficient in the context of the FRANEC

code. It is therefore useless to compare the β=0.1 value of our velocity profile algorithm

with the ones proposed by [54] and [79], since they parameterize the convection by means of

a different numerical procedure. Our aim is only to reduce the range of uncertainty which

actually overwhelmes this free parameter by evaluating the effects induced on the forma-

tion of the 13C-pocket (which governs the following s-process nucleosynthesis). Moreover,

another big warning must be raised: the calibration we perform is efficient for low mass

AGB stars. For larger masses, a lower value of the β free parameter is probably requested

(see e.g. [38]), due to the fact that the entire He-intershell structure is shrinking, passing

from ∆M ∼ 10−2M� down to ∆M ∼ 10−3M�. We will investigate these hypotheses in

future works.



Chapter 7

Thermally pulsing AGB models

In order to illustrate the capabilities and the limits of our code,

an updated computation of a 2 M� stellar structure with different

chemical compositions is reported. These models have been obtained

by including into the stellar evolution code the full nuclear network

described in Section 5. The predicted modifications of the surface

composition occurring during the AGB evolution are shown.

Data presented in this section refer to three different stellar models, having the same

initial mass (2 M�) and different metallicities: Z=1.5×10−2, Z=1×10−3 and Z=1×10−4.

We operated this choice because this mass value is representative of low mass AGB stars and

the three metallicities span almost the entire metal distribution of our Galaxy. The physical

evolution and the nucleosynthesis characterizing each model are analysed in Sections 7.1

and 7.2, while in Section 7.3 we present the global yields.

7.1 The Solar metallicity model

We used the network and the mixing algorithm described in previous Chapters to calculate

the evolutionary sequence of a 2 M� star of solar metallicity. Before the first TP, a Reimers’

formula for the mass loss (η = 0.4) has been assumed. During the thermally pulsing AGB

phase, we adopt the mass loss rate prescription discussed in Section 4.5. The calculation

has been stopped when the envelope mass is reduced down to ∼ 0.35 M�, the corresponding

total mass being M�
tot ∼1.0 M�; at this epoch, the envelope composition is freezed, because

TDU episodes already ceased.

In Fig.7.1 we plot the TP-AGB phase of the model, when the stellar structure is char-

acterized by a partially degenerate C-O core, a mutually excluding H and He burning shells
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Figure 7.1 The evolution throughout the TP-AGB phase of a star with initial
mass M = 2 M� and solar metallicity.

and by a fully convective envelope. The three lines of each plot illustrate the evolution

of the positions, in mass coordinates, of (top to bottom): the inner border of the con-

vective envelope (dark line), the maximum energy production within the H-burning shell

(red line) and the maximum energy production within the He-intershell (blue line). The

outward shift of the location of the maximum energy production within the intershell, in

Figure 7.1, marks the onset of the 13C burning during the interpulse. The most energetic

mesh in the intershell region is normally identified by the He-burning shell, but when the
13C starts burning (releasing neutrons) its energy contribution is larger than the 3α reac-

tion one. Note that the He-burning shell is practically switched off during the interpulse

phase. We take into account the energy release due to the following neutron capture by

adding 5 MeV (assumed as a mean energy value) to the energetics of the 13C(α,n)16O re-

action. In Table 7.1 we report some physical quantities characterizing the TP phase.
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TDU Mtot MH Menv MTDU ∆MPulse ∆MH

1 1.88E+00 5.54E-01 1.33E+00 4.00E-04 3.33E-02 7.50E-03
2 1.87E+00 5.61E-01 1.31E+00 2.10E-03 3.12E-02 8.20E-03
3 1.85E+00 5.70E-01 1.28E+00 3.50E-03 2.97E-02 9.10E-03
4 1.83E+00 5.77E-01 1.25E+00 4.60E-03 2.84E-02 1.02E-02
5 1.80E+00 5.85E-01 1.22E+00 5.60E-03 2.73E-02 1.08E-02
6 1.76E+00 5.91E-01 1.17E+00 6.20E-03 2.61E-02 1.11E-02
7 1.69E+00 5.98E-01 1.09E+00 6.30E-03 2.50E-02 1.17E-02
8 1.59E+00 6.04E-01 9.86E-01 6.20E-03 2.39E-02 1.21E-02
9 1.46E+00 6.10E-01 8.50E-01 5.80E-03 2.29E-02 1.16E-02
10 1.29E+00 6.15E-01 6.75E-01 4.20E-03 2.14E-02 1.09E-02
11 1.13E+00 6.21E-01 5.09E-01 9.00E-04 1.93E-02 9.70E-03

TOT. 4.58E-02

TDU λ r ∆tip TTP
max Zsup C/O

1 5.33E-02 6.19E-01 2.06E+05 2.46E+08 1.49E-02 0.33
2 2.56E-01 7.47E-01 1.94E+05 2.53E+08 1.50E-02 0.37
3 3.85E-01 6.63E-01 1.85E+05 2.61E+08 1.55E-02 0.46
4 4.51E-01 6.16E-01 1.77E+05 2.68E+08 1.63E-02 0.62
5 5.19E-01 5.75E-01 1.67E+05 2.75E+08 1.72E-02 0.80
6 5.59E-01 5.36E-01 1.57E+05 2.80E+08 1.83E-02 1.01
7 5.38E-01 5.12E-01 1.45E+05 2.85E+08 1.95E-02 1.24
8 5.12E-01 4.93E-01 1.33E+05 2.88E+08 2.07E-02 1.47
9 5.00E-01 4.80E-01 1.21E+05 2.90E+08 2.20E-02 1.72
10 3.85E-01 4.77E-01 1.03E+05 2.92E+08 2.30E-02 1.92
11 9.28E-02 4.97E-01 8.36E+04 2.89E+08 2.30E-02 1.93

Table 7.1 Data relative to a model with initial mass M=2M�; solar metallicity
case: (C/O)ini = 0.54, (C/O)FDU = 0.35, Z=1.5×10−2.
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Figure 7.2 Evolution of the maximum temperature at the base of the convective
zones generated by TPs (Panel a) and the dredged up mass per pulse (Panel b)
during the AGB phase (M = 2M� model with solar metallicity).

In the upper part we tabulate (from left to right): i) number of TDU episodes, ii) total

mass of the star, iii) core mass before the occurrence of TDU episodes, iv) mass of the

convective envelope, v) mass of material interested by TDU episodes, vi) extension in mass

of the convective shell generated by the TPs, vii) mass burnt by the H-shell during the

previous interpulse period. In the lower part we report (from left to right): i) number of

TDU episodes, ii) λ factors (defined as the ratio between the material suffering TDU and

the H-burning ashes of the previous interpulse period), iii) overlap factors r between two

subsequent TPs (defined as the ratio between the portion of the convective pulse interested

by the nucleosynthesis of previous pulses and the total mass of the convective pulse), iv)

duration of the interpulse phases, v) maximum temperature attained at the bottom of the

convective pulses, vi) surface metallicity and vii) C/O surface ratio. In the Table caption
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Figure 7.3 Mass loss history and derived period during the AGB phase (M = 2M�
model with solar metallicity).

we report the initial (C/O) ratio, the (C/O) ratio after the First Dredge Up (FDU) and

the initial metallicity. Moreover, in the last row of the upper part, we report the total

amount of dredged up material. Note that in this Table we only report data concerning

pulses followed by TDU: some pulses without TDU develop in the early AGB Phase, as

depicted in Fig. 7.1. The first TDU episode in fact occurs after six TPs, when the core

mass is 0.55 M�. The evolution of TTP
max (the maximum temperature at the base of the

convective zone generated by the TP) and δMTDU (the amount of mass dredged up) are

reported in Figure 7.2. As expected, the deepness of the TDU initially increases, due to

the increase of the core mass. Then, during the TP-AGB phase, the effect of the envelope

erosion becomes important, and the dredge up efficiency decreases, dropping to 0 after

the last computed TP. The possible activation of the 22Ne(α,n)25Mg reaction critically

depends on TTP
max that, for this reason, represents a key quantity for the comprehension of

the nucleosynthesis occurring in AGB stars. It is obviously related to the maximum He

burning luminosity. TTP
max initially increases and attains a nearly asymptotic upper limit, of
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about 2.9 × 108 K. At such a low temperature the 22Ne(α,n)25Mg is marginally activated,

providing minor neutron exposures.

In Fig. 7.3 we report the mass loss history (upper panel) and the derived period (lower

panel) of the model. The transition between the two mass loss regimes (see Section 4.5)

occurs when the pulsational period exceeds log P > 2.5, as showed by the slope change in

the mass loss rate curve.

The final C/O is 1.93, while it becomes larger than 1 when the core mass is about 0.58

M� and the luminosity is log L/L� = 3.85, which corresponds to a bolometric magnitude of

−4.9 mag (see Figure 7.4). Our result is in good agreement with the recent work of [74], who

analysed a sample of galactic C-stars at infrared (IR) wavelengths. Their derived C-star

luminosity function results peaked at Mbol ∼4.8, de facto erasing the debated inconsistencies

on the brightness of C-stars between observations and theoretical predictions.

Figure 7.4 Bolometric magnitude (upper Panel) and C/O ratio (lower Panel)
along the AGB phase (M = 2M� model with solar metallicity).
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As described in Section 6.2, a 13C pocket forms after each TDU episode. The 13C in

the first pocket is only partially burnt during the interpulse and the residual is engulfed

into the convective zone generated by the subsequent TP. This phenomenon therefore leads

Figure 7.5 The effective (see text) mass fraction of 13C within all the pockets
(M = 2M� model with solar metallicity).

to a convective 13C burning, with quite interesting consequences on the nucleosynthetis of

neutron-rich isotopes (see Section 7.1.3). In all other cases, the 13C is fully consumed dur-

ing the interpulse. The resulting nucleosynthesis is characterized by a rather low neutron

density, never exceeding 107 neutrons/cm3; a typical neutron exposure reached during a ra-

diative 13C burning (weighted over the whole pocket) is very powerful: δτ ∼ 0.25 mbarn−1.

The s-rich pocket is then engulfed and diluted by the convective zone generated by the TP

and, later on, partly dredged up by the next TDU. The maximum neutron density is at-

tained in the more internal layer of the 13C pocket, where the 14N is less abundant. The

effective abundances of 13C in all the pockets we found (defined as Xeff(13C)=X(13C) -
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X(14N) × 13/14) are reported in Figure 7.5. Each pocket has been shifted in mass in order

to superimpose their external borders; the 0 point of the abscissa is arbitrary. The exten-

sion of the pockets decreases with time, the first one being the largest (∆M ∼6.5×10−4

M�, about 6 times greater than the last one). We lay emphasis on this point by com-

Figure 7.6 Physical quantities profiles and chemical distributions (see the legend)
at the moment of the maximum penetration of the convective envelope during the
first TDU episode in the M = 2M� model with solar metallicity. Pressure is given
in dyne·cm−2 and HP in cm. We also evidence the two regions where the 13C pocket
(horizontal dashed area) and the 23Na pocket (vertical dashed area) form.

menting Fig. 7.6 and Fig. 7.7, which depict the moment of the maximum penetration

of the convective envelope, during the first and the last (11th) TDU episode, respectively.

The solid and the dashed lines refer to hydrogen and 12C profiles respectively, the slanting

dashed area is the convective envelope (the inner border of this area is defined by the

Schwarzschild criterion). The horizontal and the vertical dashed areas represent the layers

where the 13C and the 23Na pockets form (see Section 6.2), when the envelope recedes and

the H-shell restarts burning. Starred line reproduces the pressure profile, while triangles
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are placed along the HP distribution. The reduction of the pocket extension is due to the

fact that while the pressure in the He core changes of one order of magnitude passing from

the 1st to the 11th TDU episode, it undergoes a strong reduction in the envelope (about

5 order of magnitudes), due to the expansion of the structure along the AGB track. The

Figure 7.7 As in Fig. 7.6, but referring to the 11th (last) 13C pocket (M = 2M�
model with solar metallicity).

star radius increases in fact from 200 R� to more than 500 R�, while the mass decreases

from 1.88 M� down to 1.13 M� (see Table 7.1). This huge difference between the external

and the internal pressure strongly affects the efficiency of the velocity profile mechanism,

leading to the formation of more and more narrow pockets. The size reduction of the

pockets has a direct consequence on the overabundances in the He intershell, that is the

production factor of the various chemical species with respect the initial abundances. In

Fig. 7.8 we report the production factors defined as the ratio N s
j /N�

j , where N s
j stands

for the He intershell isotopic abundance and N�
j for the initial one. The plot clearly shows

that the overabundances reach a maximum around the 6th TDU and then decrease down

to the level defined by the 11th TDU. This is due to the fact that while the extension of
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the 13C pocket is decreasing pulse by pulse, the mass burnt by the H-shell in the interpulse

period is slightly increasing for the entire duration of the AGB phase (see Table 7.1). This

Figure 7.8 Pulse by pulse He intershell production factors for s-only and neutron
magic nuclei with respect to the initial (solar) composition. Series refer to He
intershell distributions before the first, third, sixth and eleventh (last) TP with
TDU.

implies that the s-process nucleosynthesis inside the pocket is no more able to compensate

the dilution of the s-enriched material within the material left in the ashes of the H-burning

shell, leading the intershell overabundances to decrease.

7.1.1 Surface enrichments

The ashes of neutron-capture nucleosynthesis allowed by the 13C burning are spread within

the He intershell by the convective shells generated by TPs. Later on, as a consequence

of the TDU, the envelope composition is polluted with the products of the s process.

The surface compositions resulting after each TDU episode are reported in Figure 7.9

(see Appendix B.1 for detailed pulse by pulse data). We use the standard spectroscopic
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notation1. Among the light elements, note the logarithmic enhancements of C (0.56 dex),

N (0.30 dex), F (0.49 dex), Ne (0.22 dex) and Na (0.17 dex). We recall that C is the main

product of the 3α-burning. The nitrogen enhancement in the envelope is totally due to the

first dredge up. In fact, the 14N left by the H burning within the intershell is fully converted

into 22Ne during the convective TP, giving rise to the resulting Ne enhancement. Fluorine

is synthesized in the convective shell generated by the thermal pulse via the 15N(α, γ)19F

reaction (see Section 9.2). The Na enhancement is mainly due to proton capture on 22Ne

(see Section 9.3). Concerning the s-process nucleosynthesis, all the elements (from Sr to

Pb) result enhanced. We find that the abundance of Sr, Y and Zr at the first s peak,

Figure 7.9 Pulse by pulse surface composition, in the usual spectroscopic notation,
for the M = 2M� model with solar metallicity.

the so-called ls elements (light s elements), is comparable with the one of the hs elements

(heavy s elements) Ba, La, Ce, Pr, Nd at the second s peak. Lead is underproduced with

1[El/Fe]=log(N(El)/N(Fe))−log(N(El)/N(Fe))� . The label El stands for the generic element.
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respect to barium, as expected for AGB stars of this metallicity. In Figure 7.10, the [hs/ls]

attained in the envelope when C/O=1 is compared to those measured in galactic C(N)

Giants [4]: our theoretical value lays in the range spanned by observational data. Note

that, for a given metallicity, this intrinsic index is indicative of the mean neutron exposure

that characterizes the s-process distribution and it is independent of the fact that the

observed s-enhanced star is an intrinsic AGB or a main sequence or a giant star (extrinsic

AGB).

Figure 7.10 Observed [hs/ls] ratio of a sample of galactic C(N) Giants [4] (blue
circles), compared with our theoretical prediction (red triangle).

We therefore demonstrated that a different treatment of the convection at the inner

border of the convective envelope allows the formation of a consistent 13C pocket, needed

for the nucleosynthesis of s process elements. Anyway, a big warning must be raised. In

recent years, the growing of even more accurate observations indicated that a spread of

the s-process efficiency is required, mainly at low metallicities ([26],[61]). It has however to
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be mentioned that [20] recently propose a narrower spread of the 13C pockets (a factor 3

instead of more than one order of magnitude proposed by [26]) by carrying out population

synthesis simulations with a rapid synthetic evolution code.

Even if it is evident that a single modelling is not able to cover the observed range, we

note that the standard case (ST, see [59]) was shown to reproduce the main s-process

component in the solar system for low mass AGB stars and half-solar metallicity: in that

model the 13C pocket efficiency was assumed identical for all TPs followed by TDU. In

Figure 7.11 Final surface composition of the M = 2M� model with solar metal-
licity, compared with post-process calculations (Gallino R., priv. comm.).

order to evaluate the efficiency of the adopted velocity profile algorithm (see Chapter

6), we compare our surface enrichment distribution with the most recent post-process

calculations (Gallino R., private communication) performed over a M=2M� model with

Z=2×10−2 [156], characterized by a Reimers’ mass-loss rate with η=0.5. By varying the

efficiency of their 13C pocket [59], we find that our model is approximately equivalent

to their ST×1.3 case (see Fig. 7.11). A general agreement results from the comparison,

but a different profile in the two curves (dark solid line and red dashed line) appears
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corresponding to the thallium overabundance. This difference has to be ascribed to our

more detailed treatment of the weak processes determining the 205Tl and 205Pb abundances

with respect the post-process calculation, where the temporal delay between the extinction

of the convective shell generated by the thermal pulse and the occurrence of the following

TDU episode is not taken into account (see [116] for the analysis of this problem). Note

that the average enhancement of s-process elements is roughly the same, even if the plotted

distributions result from completely different evolutions along the AGB phase: we obtain

11 pulses followed by TDU, while the post-process calculation is characterized by 22 pulses

followed by TDU (see [156]). However, we recall that the introduction of the velocity profile

algorithm makes our TDU more efficient with respect to previous calculations (see Section

6.1): this feature counterbalances the decreased number of TDU episodes, which is mainly

determined by the adopted mass-loss rate (see the discussion at the end of Section 8.1).

We stress the fact that our resulting 13C pocket is not so different from the ST×2 case

of [59], which represents an upper limit: ingestion of a larger abundance of protons would

favor the 14N production by proton capture on 13C. The presence of physical processes up

to date not considered in our code (see discussion in Section 6.3) could result in a spread

of the pocket efficiency, therefore allowing us to span in the 13C pocket range requested by

observations.

7.1.2 The convective 13C burning

As pointed out in previous Sections, the 13C formed after each third dredge up episode

is usually completely consumed by α captures before the onset of the subsequent TP,

releasing neutrons. This is the most efficient neutron source in low mass AGB stars, and the

resulting s-process nucleosynthesis is at the origin of the solar main component. However,

in the solar metallicity model, we find that the temperature of the first formed 13C pocket

remains too low during the interpulse and the 13C is not completely burnt, being partially

engulfed in the convective zone generated by the following TP. The 13C burning takes place

at the bottom of the convective shell (T8 ∼ 1.6) producing a maximum neutron density

nn=3.3×1011 neutrons/cm3, about 30 times larger than the neutron density released by

the subsequent 22Ne neutron burst (see Fig. 7.12). These numbers refer to the maximum

neutron density attained at the bottom of the convective shell generated by the TP, while

the average neutron density within the shell is one order of magnitude lower (see [58]). The

contribution to the nucleosynthesis from this anomalous convective 13C burning reveals

interesting peculiarities. In particular, some branchings, which remain closed during a
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Figure 7.12 Peak neutron density evolution after the ingestion of the 13C-pocket
formed after the first TDU episode (M = 2M� with solar metallicity).

standard radiative 13C burning and are marginally activated during the 22Ne(α,n)25Mg

burning, are now open. In a very short temporal step (∆T < 3 years, see Fig. 7.12) we

obtain a consistent production of neutron-rich isotopes normally by-passed by the standard

radiative 13C s-process, among which 60Fe, 86Kr, 87Rb and 96Zr.

7.1.3 Early Solar System (ESS): the short-lived radioactivities problem

In this Section, we want to verify the hypothesis that a single low mass AGB star had

contaminated the protosolar nebula right before its collapse (as suggested by [176]), by

comparing the measured early solar system abundances of different short-lived isotopes

to the predicted surface composition of our solar metallicity model. Before explaining the

procedure we follow, we describe the nucleosynthetic processes responsible of stellar surface

enrichments of 26Al, 41Ca, 60Fe and 107Pd.

Ground state 26Al has a half-life of 7.16×105 years and is efficiently produced in the H-

burning shell by proton captures on 25Mg. The surface is firstly enriched of freshly synthe-

sized 26Al when the convective envelope partially erodes the H-burning shell (first bump in

the 26Al profile in Fig. 7.13) and, later on, as a consequence of TDU episodes. Note that
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Figure 7.13 TP-AGB surface evolution of 26Al, 41Ca, 60Fe and 107Pd (M = 2M�
with solar metallicity).

a stellar layer exposed to a neutron flux is substantially depleted in 26Al, because of the

large neutron-capture cross section of this isotope. This happens during both the radiative

and convective 13C burnings as well as during the convective 22Ne burnings. When the

temperature at the bottom of the convective shells generated by TPs exceeds T8 ∼2.7,

the 26Al(n,p)26Mg reaction efficiently destroys the 26Al. In our solar metallicity model

this condition is attained only toward the end of the AGB phase, so that 26Al left in the

H-burning shell ashes is largely preserved (with the exception of the thin layer where the

radiative 13C burning takes place). For this reason we found a substantial surface enhance-

ment of 26Al.

The appearance at the surface of 41Ca and 60Fe is simultaneous with the occurrence of the

first TDU episode (see Fig. 7.13). As already recalled, the high 60Fe production we obtain

is a direct consequence of the engulfment into the convective zone generated by the next

TP of the 13C contained in the first 13C-pocket. The final surface isotopic ratio 60Fe/56Fe

we obtain in the solar metallicity model is equal to 6.5×10−5, about 15 times higher than

the value obtained in the case of the standard radiative 13C-burning (see for a comparison

Table 4 of [176]). On the contrary, in the Z=1×10−4 model, no cool 13C pockets are found

(see Section 7.2).
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Concerning the 41Ca nucleosynthesis, the equilibrium value between production and de-

struction terms (41Ca/40Ca∼10−2) is normally attained when a consistent amount of neu-

trons is available. Thus, an excess of 41Ca can only be obtained in the case of a very small

neutron flux. This occurs when the 13C left in the He-rich intershell by the H-burning dur-

ing the Early-AGB phase is burnt by α captures at the beginning of the thermally-pulsing

phase, before the occurrence of the first TDU episode.

The 107Pd is mainly synthesized during the standard radiative 13C burning inside 13C-

pockets, when isotopes are exposed to large neutron exposures. The more the number of

radiative 13C burning episodes is, the larger the 107Pd abundance in the envelope is.

Under the hypothesis that the protosolar nebula was contaminated by a single AGB

star, we follow the procedure described in [176]: we adjust the isotopic ratios at the end

of our model by assuming a dilution factor (f) and a delay time (∆) between the end of

the AGB phase and the beginning of the pollution process (see Table 7.2). We use the

∆ assumed in [176] (see their Table 5) and we tune the dilution factor in order to match

the Pd isotopic ratio. We find too low Al, Ca and Fe isotopic ratios with respect to ESS

measurements.

The situation is completely different if we analyse the ”relative” isotopic enhancements

just after the 2nd TDU: at that epoch the internal layers has suffered a unique low neutron

exposure due to the convective 13C burning (δτ ∼ 0.05 mbarn−1), avoiding in such a way

the later contribution from radiative 13C burnings (which strongly increase the Pd isotopic

ratio). We report in Table 7.2 (column 4) the isotopic ratios after the 2nd TDU, obtained

by adjusting again the two free parameters. We found an agreement for Ca, Fe and Pd

isotopic ratios, but a too low 26Al/27Al turns out. We could however invoke the occurrence

Isot. Ratio ESS Inventory END AGB (a) 2nd TDU (b)

26Al/27Al 5×10−5 3.3×10−7 1.0×10−5

41Ca/40Ca 1.5×10−8 5.2×10−11 1.5×10−8

60Fe/56Fe (2÷20)×10−7 4.4×10−9 1.9×10−7

107Pd/108Pd 2.0×10−5 ≡ 2.0×10−5 ≡ 2.0×10−5

(a) f1=1.6×10−4; ∆1=0.68 Myr.
(b) f2=1.9×10−2; ∆2=0.25 Myr.

Table 7.2 Measured and predicted isotopic ratios involving short-lived isotopes.
(see text for details).

of Cool Bottom Process (CBP), a slow deep circulation taking place in the radiative region
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located between the H-burning shell and the inner border of the convective envelope. This

mechanism, supposed to work both during the RBG [35] as well during the AGB phase

[120] of low mass stars, efficiently produces 26Al at the base of the convective envelope,

therefore enhancing its surface abundance.

Our guess is that the astrophysical source polluting the ESS was a lower mass AGB star

(1.3÷1.5 M�): in that case the number and the strength of the TDU episodes would

decrease and the final isotopic distribution could be similar to the one obtained after the

2nd TDU episode of our M = 2 M� (provided the occurrence of the first convective 13C

burning, needed to increase the 60Fe abundance). This hypothesis, based on strong ad hoc

assumptions, has however to be verified by a full stellar model.

7.2 Toward lower metallicities

In the last years, a large number of high-resolution spectroscopic observations of very

metal-poor C- and s-rich stars has been carried out. The present generation of halo stars

Figure 7.14 The evolution throughout the TP-AGB phase of a star with initial
mass M = 2 M� and Z=1×10−3.
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Figure 7.15 The evolution throughout the TP-AGB phase of a star with initial
mass M = 2 M� and Z=1×10−4.

is old (∼ 14 Gyr) and, therefore, is made of low mass objects (M < 0.9 M�). Then,

when a low mass star reaches the AGB, its envelope is so small that the TDU never

takes place. However, available spectroscopic surveys for very metal-poor stars ([16], [39])

found that ∼20% to 30% of the candidates ([Fe/H] < −2.5) are carbon rich. These stars

are probably low mass dwarfs or giants, with a lifetime comparable with the age of the

Galaxy, belonging to binary systems. It is possible that in most cases the C enhancement

is the result of an ancient accretion process (by stellar wind or Roche lobe overflow [95])

from a more massive AGB companion (now a white dwarf). In such a case, also the

products of the neutron capture nucleosynthesis were accreted onto the secondary star.

High-resolution spectroscopy of metal-poor C-rich stars largely confirms such a qualitative

expectation. However, the precise prediction of the heavy element enhancements at the

surface of the secondary star is more complex than previously sketched. We have to recall

that we are looking at the intershell material that was mixed with the envelope of the

primary AGB stars during the various TDU episodes and, later on, further diluted within

the pristine material of the envelope of the secondary star. If this secondary star (actually
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the C-rich object presently detected), is evolved off the main sequence, this late dilution

may be particularly efficient. In addition, the amount of mass accreted depends on the

orbital parameters of the system that are, in most cases, unknown.

In order to investigate the s-process distributions of low metallicity AGB stars, we

have calculated an intermediate (Z=1×10−3) and a low metallicity model (Z=1×10−4),

representative of Galactic halo stars. We follow the same presentation scheme adopted for

the solar model. In Fig. 7.14 and 7.15 we report the TP-AGB evolution of the two models,

while in Tables 7.3 and 7.4 we tabulate the corresponding physical quantities (columns

have the same meanings as in Table 7.1). The Z=1×10−3 model has been stopped when

the envelope mass was reduced down to Mend
env ∼ 0.343M�, being the final total mass

M�
tot ∼ 1M� (the last TDU episode occurs when Menv = 0.579M�). Concerning the

Z=1×10−4 calculation, we stop the evolution when Mend
env ∼ 0.196M� and M�

tot ∼ 0.9M�
(the last TDU episode occurs when Menv = 0.457M�). In both cases the final envelope

composition is therefore freezed.

In low mass AGBs, the 13C(α,n)16O (the main source of neutrons) is primary-like, i.e.

not directly affected by the metallicity of the pristine material. Nevertheless, the iron

seeds scale with the metallicity, so that the lower the metallicity the larger is the number

of neutrons available per seed. As a result, at low metallicities, most of the seeds are

converted into 208Pb, at the termination point of the s-process fluence. In metal-poor

AGB star experiencing a few TDU episodes, a consistent enhancement of lead is therefore

expected [61, 24]. Trends illustrated in Fig. 7.16 and Fig. 7.17 confirm the previous

sentence: a consistent lead production is found in both models, leading to a final [Pb/Fe]

equal to 2.56 and 2.61, in the Z=1×10−3 and the Z=1×10−4 models, respectively (see

Appendixes B.2 and B.3.1 for detailed data pulse by pulse).

Another peculiarity of low metallicity models is the strong carbon surface enrichment:

this is the direct consequence of the occurrence of TDU episodes, when the convective

envelope penetrates into the 12C-rich He-intershell. The lower the metallicity is, the larger

surface carbon overabundances are found: [C/Fe]∼1.7 at Z=1×10−3 and [C/Fe]∼2.6 at

Z=1×10−4. Similar large overabundances are not found for nitrogen: we in fact obtain

[N/Fe]∼0.4 and [N/Fe]∼0.6 respectively. On the contrary, a lot of observed low metallicity

s-rich stars usually show N-rich surface envelopes. The enhancement of nitrogen could be

due to the hot bottom burning, but this would exclude low mass AGB stars that have a

too cool temperature at the base of the convective envelope. The activation of the CBP

process during the AGB (see Section 7.1.3) could contribute to the systematic occurrence
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TDU Mtot MH Menv MTDU ∆MPulse ∆MH

1 1.93E+00 6.05E-01 1.33E+00 5.00E-04 2.52E-02 5.20E-03
2 1.92E+00 6.12E-01 1.31E+00 2.50E-03 2.37E-02 7.00E-03
3 1.91E+00 6.18E-01 1.29E+00 4.20E-03 2.28E-02 8.30E-03
4 1.89E+00 6.23E-01 1.27E+00 5.40E-03 2.20E-02 9.50E-03
5 1.88E+00 6.28E-01 1.25E+00 6.10E-03 2.13E-02 1.04E-02
6 1.84E+00 6.33E-01 1.21E+00 6.40E-03 2.05E-02 1.10E-02
7 1.77E+00 6.38E-01 1.13E+00 6.50E-03 1.98E-02 1.11E-02
8 1.65E+00 6.42E-01 1.01E+00 6.20E-03 1.90E-02 1.10E-02
9 1.46E+00 6.46E-01 8.14E-01 5.10E-03 1.81E-02 1.05E-02
10 1.23E+00 6.51E-01 5.79E-01 1.40E-03 1.76E-02 9.60E-03

TOT. 4.43E-02

TDU λ r ∆tip TTP
max Zsup C/O

1 9.61E-02 6.15E-01 1.23E+05 2.49E+08 1.05E-03 0.4
2 3.57E-01 7.26E-01 1.39E+05 2.64E+08 1.48E-03 1.7
3 5.06E-01 6.36E-01 1.34E+05 2.75E+08 2.30E-03 3.9
4 5.68E-01 5.68E-01 1.28E+05 2.84E+08 3.36E-03 6.4
5 5.87E-01 5.16E-01 1.22E+05 2.92E+08 4.56E-03 8.9
6 5.82E-01 4.68E-01 1.15E+05 2.97E+08 5.80E-03 11.2
7 5.86E-01 4.55E-01 1.08E+05 3.01E+08 7.09E-03 12.5
8 5.64E-01 4.32E-01 1.00E+05 3.04E+08 8.39E-03 15.6
9 4.86E-01 4.14E-01 9.23E+04 3.05E+08 9.72E-03 17.6
10 1.46E-01 4.49E-01 8.37E+04 3.02E+08 1.03E-02 18.4

Table 7.3 Data relative to a model with initial mass M=2M�; intermediate metal-
licity case: (C/O)ini = 0.54, (C/O)FDU = 0.30, Z=1×10−3.
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TDU Mtot MH Menv MTDU ∆MPulse ∆MH

1 1.96E+00 6.40E-01 1.32E+00 2.70E-03 1.91E-02 5.20E-03
2 1.95E+00 6.45E-01 1.31E+00 4.10E-03 1.90E-02 7.20E-03
3 1.94E+00 6.49E-01 1.29E+00 4.80E-03 1.84E-02 8.20E-03
4 1.92E+00 6.53E-01 1.27E+00 5.50E-03 1.79E-02 9.00E-03
5 1.88E+00 6.57E-01 1.22E+00 5.80E-03 1.74E-02 9.40E-03
6 1.79E+00 6.61E-01 1.13E+00 5.80E-03 1.69E-02 9.50E-03
7 1.63E+00 6.65E-01 9.65E-01 5.20E-03 1.63E-02 9.50E-03
8 1.41E+00 6.69E-01 7.40E-01 3.70E-03 1.55E-02 9.10E-03
9 1.13E+00 6.73E-01 4.57E-01 4.00E-04 1.44E-02 8.10E-03

TOT. 3.80E-02

TDU λ r ∆tip TTP
max Zsup C/O

1 5.19E-01 7.12E-01 1.10E+05 2.64E+08 5.05E-04 11.6
2 5.69E-01 6.32E-01 1.00E+05 2.77E+08 1.22E-03 22
3 5.85E-01 5.54E-01 9.37E+04 2.87E+08 2.15E-03 28.1
4 6.11E-01 5.08E-01 9.10E+04 2.95E+08 3.20E-03 31.9
5 6.17E-01 4.66E-01 8.68E+04 3.01E+08 4.31E-03 34.7
6 6.10E-01 4.32E-01 8.26E+04 3.06E+08 5.48E-03 37.5
7 5.47E-01 4.02E-01 7.78E+04 3.07E+08 6.66E-03 39.8
8 4.07E-01 4.13E-01 7.17E+04 3.10E+08 7.78E-03 42
9 4.94E-02 4.38E-01 6.46E+04 3.09E+08 8.04E-03 42.6

Table 7.4 Data relative to a model with initial mass M=2M�; low metallicity
case: (C/O)ini = 0.54, (C/O)FDU = 0.26, Z=1×10−4.
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Figure 7.16 Pulse by pulse surface composition, in the usual spectroscopic nota-
tion, for the M = 2M� model with Z = 1×10−3.

Figure 7.17 Pulse by pulse surface composition, in the usual spectroscopic nota-
tion, for the M = 2M� model with Z = 1×10−4.
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of the nitrogen overabundance. This effect is not taken into account in our calculations,

but it could have dramatic consequences on the determination of the opacity coefficients

(see Section 8.2). Moreover, [81] (see also [56]) suggested that the scarcity of CNO in very

Metallicity [ls/Fe] [hs/Fe] [hs/ls] [Pb/Fe] [Pb/hs]
1.5×10−2 1.12 0.86 -0.26 0.53 -0.33
1×10−3 0.77 1.42 0.65 2.56 1.14
1×10−4 0.65 1.13 0.48 2.61 1.48

Table 7.5 S-process indexes for the three computed models.

metal-poor stars may allow the convective zone generated by the first strong TP to ingest

some protons from the envelope. In this case, a hot CN cycle takes place within the He-

rich intershell and consistent amounts of 13C and 14N are produced. More recently [92], on

the basis of detailed stellar models computations, proposed that a peculiar s-process nucle-

osynthesis, characterized by a high neutron density, could be activated by α-capture on the

freshly synthesized 13C. The detailed s-process nucleosynthesis for a low mass (M=1.5M�)

Figure 7.18 Comparison between the final surface composition of the M = 2M�
model with Z=1×10−4 and spectroscopic data of HD196944 [9].
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Star [Fe/H] [ls/Fe] [hs/Fe] [hs/ls] [Pb/Fe] [Pb/hs]
CS 22880-074 (a) -1.93 0.16 1.16 1.00 1.90 0.74
CS 22898-027 (a) -2.26 0.87 2.14 1.27 2.84 0.70
CS 29526-110 (a) -2.38 1.11 1.90 0.79 3.30 1.40
CS 31062-050 (a) -2.31 1.02 2.23 1.21 2.90 0.67
CS 31062-050 (b) -2.41 0.67 2.02 1.35 2.81 0.79
HD 196944 (a) -2.25 0.61 0.89 0.28 1.90 1.01
HD 196944 (c) -2.40 0.60 0.85 0.25 2.10 1.25
HD 187861 (c) -2.30 1.30 1.98 0.68 3.30 1.32
HD 198269 (c) -2.20 0.40 1.38 0.98 2.40 1.02
HD 201626 (c) -2.10 0.90 1.65 0.75 2.60 0.95
HD 224959 (c) -2.20 1.00 2.02 1.02 3.10 1.08
V-Ari (c) -2.40 1.10 1.60 0.50 1.20 -0.40
HE 2148-1247 (d) -2.30 1.15 2.23 1.08 3.12 0.89
CS 22948-27 (e) -2.47 1.00 2.25 1.25 2.72 0.47

(a) Aoki et al. 2002 [9]
(b) Johnson & Bolte 2004 [94]
(c) Van Eck et al. 2003 [166]
(d) Cohen et al. 2003 [42]
(e) Barbuy et al. 2005 [13]

Table 7.6 S-process indexes in a selected sample of low metallicity stars.

and very metal-poor (Z=5×10−5) AGB model has been calculated by [157]. They found

that the ingestion of proton into the convective intershell region and the subsequent deep

TDU provide the required mechanism to explain the N enhancement, but the high neutron

density is maintained only for a very short time (few days), with negligible consequences

on the overall surface overabundances.

Another interesting feature emerging from these low metallicity models is the increas-

ing fluorine overabundance with decreasing the metallicity ([F/Fe]=1.4 at Z=1×10−3 and

[F/Fe]=2.4 at Z=1×10−4). This effect is due to the primarity of the 13C pocket with

respect to the H-burning ashes (see Section 9.2 for details). This result adds support to

the fact that AGB stars are an important source of Galactic fluorine (see [133]).

The sodium surface enrichment presents features similar to fluorine, resulting [Na/Fe]=0.44

at Z=1×10−3 and [Na/Fe]=1.0 at Z=1×10−4. Recent determinations of two reaction rates

involved in the 23Na nucleosynthesis ([77],[78]) could however decrease these values (see

Section 9.3).

Far from concluding that a single choice of the many model parameters (M, Z, convective
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efficiency, mass loss, etc.) can reproduce the observed abundance spread of low metallicity

stars, in Fig. 7.18 we tentatively compare the final distribution of our Z=1×10−4 model

with the abundances of HD196944 [9]. A general agreement for ls and hs elements is found,

but a too low theoretical [Pb/Fe] results. It has however to be noticed that low metallicity

s-process enriched stars show consistent enhancements in the hs elements, spanning in

the range 0.8<[hs/Fe]<2.3 (for a comparison between spectroscopic data and theoretical

s-process distribution in these stars see [18], [19], [91] and [62]). In Table 7.5 we resume the

final s-process indexes characterizing the Z=1×10−3 and the Z=1×10−4 models (for the

sake of clarity we also tabulate data relative to the solar metallicity model), while in Table

7.6 we report the observational counterpart, relative to a sample of low metallicity stars.

The adopted criterion to identify the sample reported in this latter Table is Zstar ∼ 1×10−4,

corresponding to [Fe/H]� −2.2 (we fix a range of ±0.3 dex, in the logarithmic scale). Even

if our final [hs/Fe] value lays within the observed range, the majority of these stars show

larger values with respect to our theoretical expectation. This could be ascribed to the

fact that, in our model, the 13C pocket becomes more and more narrow with increasing the

TP number, thus leading to a reduced s-process production within the He intershell along

the AGB phase (we already evidenced this phenomenon in Section 7.1, describing the solar

metallicity model). A second, more reliable, explanation could be identified in the small

number of TPs, which is mainly determined by the adopted mass loss rate. We already

motivated our choice in Section 4.5, but we want to point out the effect of the adopted

interpolation in metallicity of the opacity coefficients (see Section 3.3). While in the Z=Z�
model the envelope metallicity slightly changes (see Table 7.1), in the Z=1×10−4 model

it results drastically modified (a factor 4 just after two TPs with TDU, see Table 7.4).

The interpolation of the opacity coefficient is efficient if the relative metal distribution is

preserved, but it has to be reminded that, in the Z=1×10−4 model, the heavy elements

distribution after the first TDU results quite entirely (99%) composed by 12C (after the

first TDU episode, the envelope C/O>11).

Therefore, in order to evaluate the validity of our opacity treatment, we need to study the

effects induced by a variation of the relative element composition on the opacity coefficients.

In Chapter 8 we present these tests in detail.
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7.3 Yields

One of the aims of this work is to provide a complete and uniform set of low mass AGB

yields, comprehensive of all chemical species, starting from hydrogen up to the Pb-Bi s-

process ending point. In Appendix A we present our results, without comparing our data

with extant compilations. This choice rises from two basic considerations:

• the small number of computed models (we didn’t span in the mass range at all);

• the different initial compositions (we adopt a depleted CNO with respect to data

presented by [7], this implying a different solar metallicity with respect to the majority

of the extant compilations. Moreover, we didn’t analyse at all the metallicity range

of the Magellanic Clouds).

According to the definition of stellar yield [162], we can write (in solar mass units):

My(k) =
∫ τ(Mi)

0
[X(k) − X0(k)]

dM

dt
dt (7.1)

where dM/dt is the adopted mass loss rate, while X(k) and X0(k) stand for the current

and the initial abundance of the element k respectively. In calculating the yields, we

hypothesize that the star is loosing its entire envelope at the end of the AGB phase by

means a single strong and quick mass loss episode.
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Chapter 8

The importance of the opacity treatment

in AGB models

In this Chapter we discuss the effects induced by a different treat-

ment of the opacity coefficients in the cool envelopes of AGB stars.

In particular, we discriminate the contribution from different ele-

ments to atomic opacities. We follow the TP-AGB evolution of a

Z = 1 × 10−4 model, computed by using in the envelope opacity coef-

ficients at fixed metallicity, and we compare the results with the low

metallicity model presented in the previous Chapter. Moreover, we

comment the effects due to molecular opacities in low temperatures

regions (104 <T< 103K), characterizing the convective external layers

of AGB stars.

Main contributors to atomic opacities are carbon and iron: in order to understand which

source dominates in the envelopes of AGB stars, we perform some tests by varying their

relative abundances. By means of the OPAL web-site facility we downloaded opacity tables

with scaled solar composition and tables where we set the carbon amount equal to the 99%

of the metal content: consequently, the abundances of the other elements roughly result

divided by a factor 100. For each set we dispose of tables at different metallicities (from

Z=0 to Z=0.04), containing opacity coefficients calculated with different hydrogen mass

fractions (from X=0 to X=1). These coefficients are tabulated as a function of temperature

(we deal with atomic opacities, therefore the temperature range is 4.05<logT<8.7) and

density (the adopted variable is R=ρ/T 3
6 , where T6 is the temperature in units of millions

degrees).We then extract from our Z=1×10−4 model an envelope structure (by calculating

the R values needed to identify the right opacity coefficient) after the occurrence of the

87
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3rd and the 8th TDU episodes. The surface metallicities are Z ∼2×10−3 and Z ∼8×10−3

respectively (see Table 7.4), while the hydrogen abundance is X ∼0.7 in both cases.

Figure 8.1 Logarithmic relative differences in atomic opacity coefficients obtained
by comparing solar scaled and C-enhanced opacity tables in the temperature range
4.05<logT<8.7. The comparison has been carried out on the envelope structure of
the M = 2M� model with initial Z=1×10−4, after the 3rd (upper Panel) and the
8th (lower Panel) TDU episodes (see text for details).

In Figure 8.1 we plot the differences in opacity coefficients, obtained by using scaled

solar tables (with metal contents close to the two envelope compositions) with the corre-

sponding C-enhanced ones. Shaded areas represent the external layers, characterized by

temperatures lower than 11220 K (logT=4.05): while after the 3rd TDU episode the en-

velope is almost entirely hotter than 11220 K, after the 8th TDU low temperatures cover

about the 25% of its extension (note that in this latter model the total mass of the star
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Figure 8.2 Logarithmic relative differences in atomic opacity coefficients obtained
by comparing solar scaled and C-enhanced opacity tables of different metallicities.
This test has been carried out on the envelope structure of the M = 2M� model
with initial Z=1×10−4, after the 3rd with TDU (see text for details).

has been already eroded by radiative winds). We define ∆ as:

∆ = log
(∣∣∣∣κc.en. − κso.s.

κc.en.

∣∣∣∣
)

(8.1)

where indexes so.s. and c.en. refer to solar scaled and C-enhanced tables, respectively.

The opacities obtained by enhancing the carbon, but maintaining fixed the metallicity, are

lower with respect to the solar scaled tables. Differences up to a factor 4 are found in the

inner regions of the convective envelope. It has to be mentioned that, at fixed metallicity,

the iron amount in the solar scaled tables is about a factor 100 more abundant with respect

to the C-enhanced ones, therefore the resulting larger opacities could be directly correlated

to iron abundance.

In order to check this hypothesis, we calculate, in the envelope structure after the 3rd TDU
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Figure 8.3 As in Fig. 8.2, but relative to the 8th with TDU.

episode, opacity differences obtained by comparing a solar scaled table at Z=2×10−3 with

respect to:

i) a solar scaled table at Z=1×10−4 (upper panel of Figure 8.2, red dashed line);

ii) a C-enhanced table at Z=2×10−3 (upper panel of Figure 8.2, blue solid line).

∆1 values are calculated as in equation 8.1:

∆1 = log
(∣∣∣∣κz1m4 − κz2m3

κz1m4

∣∣∣∣
)

red dashed line (8.2)

∆1 = log

(∣∣∣∣∣κz2m3,C−en − κz2m3

κz2m3,C−en

∣∣∣∣∣
)

blue solid line. (8.3)

Moreover, in the lower panel of same figure we calculated the differences between the scaled

solar table at Z=1×10−4 and the C-enhanced one at Z=2×10−3:

∆2 = log

(
κz2m3,C−en − κz1m4

κz2m3,C−en

)
. (8.4)
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In this latter comparison we find differences lower than 10% (equivalent to ∆2 <-1). Let

us notice that the iron amount in the two tables is very similar (the carbon enhancement

implies in fact a reduction for other chemical species): this means that the carbon en-

hancement has negligible effects on the atomic opacity, which therefore results strongly

dependent on the iron content. A similar comparison has been carried out for the 8th TDU

case (Figure 8.3): differences between a Z=1×10−4 solar scaled table and a C-enhanced

one at Z=8×10−3 are lower than 25%, corroborating the result obtained in the previous

test. We can therefore conclude that, in this range of temperatures, the main contribution

to opacity comes from iron, which dominates over carbon.

The interpolation in metallicity of the opacity coefficients in the envelope of giant stars

could therefore be inadequate when TDU episodes occur, because the iron amount in the

envelope is practically constant, while the metallicity increases, due to the large amount

of dredged up 12C. Summing up, our opacity treatment seems to overestimate the atomic

contribution to opacity in the envelope of TP-AGB stars. It is therefore worth to compute

a model without interpolating the opacity coefficients (i.e. adopting, in the envelope, a

table at fixed metallicity) and compare it with respect to the model described in Section

7.2.

8.1 Opacity effects at low metallicities

In this Section we present a comparison between two models with initial mass M=2M�
and Z=1×10−4. The first one has been already presented in Section 7.2 (hereafter st case),

while the second has been computed by using, in the envelope, the opacity coefficients at

Z=1×10−4, corresponding to the initial metallicity, for the entire evolution (hereafter test

case). The computation starts from an advanced model, given that the envelope metallicity

doesn’t significantly change before the first TDU episode. We stop the test model when

the envelope composition freezes out (Menv ∼ 0.32 M�, M�
tot ∼1.1 M�). We report in

Appendix A and Appendix B.3.2 the yields and the surface enrichments relative to the test

case, respectively.

In Fig. 8.4 we report the TP-AGB phase of the test case: its duration is longer (about a

factor 2 with respect to the st model), this implying a natural increase in the number of

TPs followed by TDU (N=49 with respect to the 9 found in the st model). In order to

understand the physical reasons of so different evolutions, we compare some key physical

quantities characterizing the two models during the AGB phase (see Fig. 8.5), in this
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Figure 8.4 The evolution throughout the TP-AGB phase of a star with initial
mass M = 2 M� and Z=1×10−4. With respect to Fig. 7.15 the calculation has
been performed without interpolating in metallicity the opacity coefficients.

particular instance: the total mass (upper left panel), the surface luminosity (upper right

panel), the surface temperature (lower left panel) and the radius (lower right panel). Blue

dotted lines relate to the st case, while red solid lines refer to the test case (the black solid

line in each panel represents the common evolution of two models before the occurrence

of the first TDU episode). We argue that the mass loss rate of the test model is less

efficient with respect to the st case, while the surface luminosity is practically the same in

the two models (it exclusively depends on the core mass [123]). On the contrary, surface

temperatures and radii show completely different behaviors, the test case resulting always

hotter and less expanded. We report in Fig. 8.6 the mass loss rate history and the derived

period for the two cases. The reason for this great difference in the mass loss rate has to be
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Figure 8.5 Evolution of some key physical quantities in the M = 2M� model with
initial metallicity Z=1×10−4, computed with interpolation (blue dotted line, st case)
and without interpolation (red solid line, test case) of the opacity coefficients. We
report the total mass (upper left Panel), the surface luminosity (upper right Panel),
the surface temperature (lower left Panel) and the radius (lower right Panel).

searched in the surface temperature evolution (see the lower left panel in Fig. 8.5). In fact,

the new resulting surface temperature evolution affects both the adopted mass loss regimes,

either the Reimers’ formulation or the mass loss-period calibration. Concerning the first

parameterization, the larger surface temperature found in the test case implies a lower mass

rate, being ṀReimers ∝ T−2
eff (the luminosity is practically constant in the two models). The

mass loss rate derived by the mass loss-period calibration results depressed because of the

adopted temperature-MK relation [53]: the larger the temperature is, the lower the period

is, therefore leading to a lower mass loss rate (see Section 4.5). Consequently, the transition

to this latter mass loss regime from the Reimers’ one occurs later in the AGB evolution

(see the slope change of the red solid line in the upper panel of Fig. 8.6).
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Figure 8.6 Mass loss history and derived period for the st case (blue dotted line)
and the test case (red solid line).

As a consequence of so different mass-loss rate histories, in the test case we find a large

increase of the total dredged up material during the AGB phase (∆M tot
TDU = 1.86×10−1M�)

with respect to the st case (∆M tot
TDU = 3.80 × 10−2M�, see Table 7.4 of Section 7.2). In

Fig. 8.7 we report the evolution of the maximum temperature at the base of the convective

zones generated by TPs (upper panel) and the dredged up mass per pulse (lower panel)

during the AGB phase relative to the two cases. It appears clear how the faster reduction

of the envelope mass in the st case strongly affects the evolution of δMTDU , reducing the

maximum attained value and depressing the further decreasing tail (evident in the test

model). Moreover, note that the temperature attained at the base of the convective shell

generated by a thermal instability is generally greater, for the same core masses, in the

test case with respect to the st case: this is due to the T TP
max dependence on the envelope

mass [156].
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Figure 8.7 Evolution of the maximum temperature at the base of the convective
zones generated by TPs (upper Panel) and of the dredged up mass per pulse (lower
Panel) during the AGB phase relative to the st model (blue dotted lines & triangles)
and the test model (red solid lines & squares).

The difference in mass loss rates also implies dramatic consequences on the chemical

evolution of the model. In Fig. 8.8 we compare the final enhancement distributions ob-

tained for the test case (red solid line) with the one characterizing the st case (blue dotted

line): the light elements (from C to Al) and the s-process heavy elements result highly

enhanced in this latter test we performed. In Table 8.1 we tabulate data corresponding

to light elements. The larger carbon, oxygen, fluorine and neon surface enrichments are

the direct consequences of the increased number of TDU episodes (see previous Chapters

and Section 9.2 for a description of the nuclear processes at their origin). The strong final

nitrogen enhancement ([N/Fe]=1.48) is instead due to the envelope erosion, during TDU

episodes, of the H shell and the underlying layers, occurring when the H-burning is switched

off. This region, whose extension is ∆Mtot ∼ 10−4M�, is even more enriched in 14N during
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Figure 8.8 Final surface composition, in the usual spectroscopic notation, relative
to the st case (blue dotted line) and to the test case (red solid line).

the AGB phase, due to the increase of 12C in the envelope and its conversion to 14N oper-

ated by the CNO cycle within the H-burning shell. The increased number of TDU episodes

in the test case implies also a larger magnesium surface abundance: such enhancement is

mainly due to neutron capture processes and to the activation of the 22Ne(α,n)25Mg and

the 22Ne(α,γ)26Mg reactions in the He-intershell; moreover, an additional contribution to
24Mg comes from the proton capture on 23Na, occurring in the H-burning shell. Finally, the

larger aluminum overabundance has to be ascribed to the same mechanism responsible for

the 14N enhancement, involving in this case proton captures on 25Mg and 26Al. We refer

to Section 9.3 for the discussion concerning the production of 23Na at low metallicities.

In Fig. 8.9 we show [ls/Fe] (red curves), [hs/Fe] (blue curves) and [Pb/Fe] (black curves)

of the two models: dotted lines refer to the st case, while the solid ones to the test case.

The resulting final overabundances in this latter model are about one order of magnitude
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Figure 8.9 Chemical evolution of [ls/Fe], [hs/Fe] and [Pb/Fe ] relative to the st
case (dotted lines) and to the test case (solid lines). See text for details.

larger with respect to the ones found in the st case; in particular, the final [hs/Fe]∼2.3 is

consistent with the highest values obtained for s-process enriched halo stars (see discussion

in Section 7.2). The surface abundances found in the test case seem therefore to suggest

that the model computed with opacity tables at fixed metallicity is more efficient in repro-

ducing spectroscopic data at low metallicities.

There are however observational counterparts supporting the opposite conclusion, driven

by the study of C-stars in Dwarf Spheroidal Galaxies (DSGs); we refer in particular to

experimental and theoretical works on the Draco DSG. In this galaxy, whose metallic-

ity presents a quite large dispersion (-3.0<[Fe/H]<-1.5, see [148]), a restricted number of

C-stars has been observed [149] and their effective temperatures, estimated by means of

infrared photometry [1], lay in the range 3.5 < log T < 3.6 . A meaningful example is

represented by D461, whose surface temperature is estimated to be log T ∼3.55 [50]. Note
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Figure 8.10 Mass-loss rates versus period measurements (symbols) compared with
our prescriptions (coloured lines).

that this value is not reachable with the test case (see left lower panel in Fig. 8.5).

It therefore results that the effect due to the metallicity enrichment of the convective en-

velopes in AGB stars has to be taken into account in the opacity treatment, but the test

we carried out seems to indicate that we are overestimating it.

Finally, it has to be stressed that the low number of thermal pulses with respect to

previous calculations (see e.g. [156]) is a consequence not only of the opacity coefficients

treatment, but it depends also on the adopted mass-loss rate. Observational data reported

in Fig. 4.7 and discussed in Section 4.5 show a large scatter, which cannot obviously be

reproduced if using a single theoretical fitting curve. In fact, the choice of a weaker mass-

loss rate (e.g. a factor 2 lower) still lay within the observed spread. In Fig. 8.10 we report

the same observational data of Fig. 4.7, but compared with our adopted mass-loss rates at

the three different metallicities. It results evident from the plot that a consistent number of



8.2. Future improvements: the molecular opacities 99

Element st case test case
C 2.64 3.33
N 0.64 1.48
O 0.75 1.29
F 2.36 3.67
Ne 1.56 3.04
Na 1.03 2.82
Mg 0.45 2.22
Al 0.27 1.21

Table 8.1 Light elements final surface overabundances for the st case and for the
test case.

stars in the range 2.6 < log P < 2.9 show lower mass loss rates with respect our theoretical

curve, while the highest regimes are covered by the growing up of strong and fast mass loss

spikes (consequence of the rapid luminosity increase due to the development of a thermal

pulses, see upper right panel of Fig. 8.5). It has to be noted that the probability to

observe an AGB star during the very short high luminosity phase following a TP is quite

reduced, but this fact is counterbalanced by the larger surface flux, which could act as a

selection criterion. In Fig. 8.10 we also draw a fourth curve (black long-dashed line), which

represents our mass-loss rate divided by a factor 2: with this choice also the lowest rates

would be accounted for by the theoretical curve. It is therefore necessary to investigate with

a new set of models which are the effect of reducing the adopted mass-loss on the number

of termal pulses and to evaluate the consequences on the following chemical evolution.

8.2 Future improvements: the molecular opacities

The discrepancies outlined in the previous Section turn our attention to a problem not

yet considered in this work: the molecular contribution to opacity. As already explained,

dashed areas in Figures 8.1, 8.2 and 8.3 represent cool envelope regions, not covered from

the tables provided by the OPAL web-facility. In these temperature regimes, molecules are

the dominant opacity source. In the tables we are currently using, the effects due to the

presence of molecules are taken into account [5] but, unfortunately, no tables with a variable

carbon (and nitrogen) mass fraction are currently available. This is a great handicap

in modelling AGB stars. In fact, when the C/O ratio grows above 1, the contribution

due to some carbonaceous molecules, like CN and C2, is about one order of magnitude
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Figure 8.11 Mass absorption coefficients as a function of temperature and for
different C/O ratios (from [114]).

greater with respect to the other opacity contributors. In Fig. 8.11, taken from [114], the

mass absorption coefficients as a function of temperature and for different C/O ratios are

reported. Solid lines represent calculations obtained by varying the C/O values, while the

dashed lines are from [5] (obtained with a scaled solar C/O=0.48). Dominant molecular

species are labeled nearby the corresponding opacity peaks. In the lower right panel the

contribution of the CN molecule in the region between 103 and 104 K dominates over the

other species [114]. Consequently, along the AGB phase the effects due to the presence of

this molecule are even more dramatic with increasing the C/O ratio. In order to form this

molecule, C and N are obviously needed.

While carbon is dredged up to the surface by means of TDU episodes, in our models the

surface nitrogen abundance results modified only by the FDU episode (see Sections 7.1 and
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7.2), without presenting any enhancement during the AGB phase. However, in the test

case described in the previous Section we obtain a non negligible nitrogen enhancement,

thus leading to the possibility to form a large number of CN molecules. Moreover, if

we suppose the existence of extramixing processes like the CBP (see Section 7.1.3), the

nitrogen abundance in the envelope would result further enhanced and, consequently, the

contribution from the CN molecule could consistently increase the opacity.

In the future we will investigate this hypothesis, when opacity tables at different C/O ratio

will be available.
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Chapter 9

Nuclear astrophysics

In this Chapter we point out the effect of varying some nuclear

reaction rates in the nucleosynthesis of light and heavy elements.

In particular, we deal with the 13C(α,n)16O reaction and with the

production of 19F and 23Na.

Up to date, a lot of problems concerning the evolution of the stars are still open. We

can list for instance the production of solar neutrinos, the dynamics of late stages of mas-

sive stars evolution and, of course, the mechanisms regulating the nucleosynthesis of heavy

elements during the s-process and the r-process. Nuclear physics finds a natural link with

Astrophysics in the study of these problems, by analysing, in a laboratory context, the

efficiency of nuclear reactions: this means to determine cross sections involved in nuclear

processes at low energies. In stellar internal layers, the mean kinetic energy of particles

constituting a plasma is some keV, while the repulsive Coulomb barrier between two light

nuclei is around the MeV, so fusion nuclear reactions occur only by means of the tunnel

effect, whose probability to occur is exponentially decreasing with decreasing the energy.

In the past, nuclear cross section have been measured at higher energies with respect to

the typical temperatures characterizing stellar interiors. Then, in order to obtain the cross

section in the keV energy range, an extrapolation is needed, because, as mentioned before,

the direct measurement at low energy is too difficult and it requires too long experimental

time. As reported in formula 2.1 (see Chapter 2), the cross section can be written as

the product between an exponential term (representing the Coulomb penetration factor,

quickly varying with the energy) and the astrophysical factor S(E), weakly dependent on

the energy. This latter term represents the pure nuclear contribution to the investigated

reaction. The progresses in experimental technologies recently permitted to measure S(E)
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down to the keV range, reaching the Gamow peak of the studied reaction. Between exper-

iments devoted to the determination of cross sections of astrophysical interest, the LUNA

collaboration has to be mentioned. This project, whose acronym stands for Laboratory

for Underground Nuclear Astrophysics, is carried out at Gran Sasso National Laborato-

ries (LNGS), where the natural shield offered by 1.5 Km of rocks is able to reduce the

background due to cosmic rays of more than 6 orders of magnitude. The most important

reaction rate measured with the LUNA facility is the 14N(p,γ)15O, whose determination

has strong implications on the evolution of low mass stars (see Section 5.1).

In this Section we present some tests we perform on low mass AGB models by adopting

different prescriptions concerning some key nuclear reactions rates. In particular, we discuss

the effects on AGB nucleosynthesis induced by varying the 13C(α,n)16O reaction (Section

9.1) and the reaction rates regulating the production of 19F (Section 9.2) and 23Na (Section

9.3).

9.1 The 13C(α,n)16O reaction

The most important neutron source in AGB is, as recalled in previous Sections, the
13C(α, n)16O reaction. A direct measurement of this reaction at low energies is very diffi-

cult, therefore indirect methods are requested. A possibility is represented by the study of

the direct α-transfer reaction 13C(6Li,d)17O, but the presence of a subthreshold resonance

state at 6.356 MeV in 17O could cause a huge enhancement of the cross section, as sug-

gested by [45]. The astrophysical S factor proposed by [51] show a possible increase at the

low energy tail: for this reason they derived a reaction rate by assuming a strong enhance-

ment properly due to this sub-threshold state. This new feature implies some differences

with respect the rate proposed by [33], who didn’t take into account the sub-threshold

resonance. A treatment similar to [33] has been followed by [106] and [97], who assumed

a large reduced width of the sub-threshold state, justifying such a choice by the lack of

experimental evidence that support a large resonance alpha strength. Basing of the data

sample presented by [51], but using different extrapolation parameters in the low energy

region, [8] proposed a different S(E) factor, about 50% greater than the value recommended

by [51].

It is then evident how the low energies extrapolation of the S-factor is affected by a sig-

nificant uncertainty. We assume as a standard choice the rate reported by [51]. In Fig.
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Figure 9.1 Different 13C(α,n)16O rates as a function of temperature. The red
line refers to [8], the yellow one to [51], the green one to [33] and the magenta one
to [106].

9.1 we plot the rates proposed by different authors as a function of temperature. Accord-

ing to these values, we calculate the same model (M= 2 M�, Z = Z�) by varying the
13C(α,n)16O by a factor 4. The substitution of the standard rate [51] with the value pro-

posed by [106] or [8] only slightly affects the surface overabundances. We found a maximum

difference of 25%, affecting a few isotopes, being these variations in any case smaller than

typical spectroscopic error bars. The only isotope strongly affected by a different choice

of the 13C(α,n)16O rate is the 60Fe. The resulting surface abundances using [51] or [8]

differ less than (5÷6)% , while the production of 60Fe increases up to a factor 20 if adopt-

ing the rate proposed by [106]. In fact, using a lower rate for the 13C(α,n)16O reaction,

the amount of 13C present in the first 13C-pocket and ingested in the following convective

shells increases, leading to higher neutron densities and consequently to a huge production

of 60Fe, as described in Section 7.1.3.

It has however to be noticed that a recent reanalysis of the same rate [98] leads to different
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results with respect to [106], implying a good agreement with the value presented by [51].

9.2 19F nucleosynthesis

In this Section we study the nuclear processes responsible for the fluorine nucleosynthesis,

testing the effects induced by varying some key nuclear rates regulating its production.

The aim of this study is therefore to explore the impact of these nuclear reaction rates

on the 19F yields at solar and low metallicities (Z=1×10−4), trying to give a solution to

the current disagreement between theoretical predictions of fluorine enhancements in giant

stars and observational data [95]. Spectroscopic measurements of different types of nearby

solar metallicity Giant stars show in fact a high spread in the [19F/16O] ratio, spanning

from 0.5 up to 1.5 (see Fig. 9.2), while theoretical models can only account for values

below 1 [113].

The 19F nucleosynthesis is strictly connected to the presence, in the He-intershell, of 15N,

because of the following nucleosynthetic path:

13C(α, n)16O ; 14N(n, p)14C ; 18O(p, α)15N. (9.1)

The 15N is subsequently diluted in the TP and it suffers an α-capture forming 19F. This

Z=1.5×10−2 model
CASE 19F 19F % var.
Adopted rates 2.30×10−5 —-
15N(p,α)12C /2 2.45×10−5 +6.5%
18O(p,α)15N x2 2.38×10−5 +3.5%
14C(α,γ)18O /2 2.19×10−5 -4.8%

Z=10−4 model
CASE 19F 19F % var.
Adopted rates 1.92×10−5 —-
15N(p,α)12C /2 2.30×10−5 +19.8%
18O(p,α)15N x2 2.21×10−5 +15.1%
14C(α,γ)18O /2 1.63×10−5 -15.1%

Table 9.1 Fluorine He-intershell abundances obtained using the adopted rates or
modifying some key nuclear reactions rates (see text for details).

nuclear chain works in two different environments: inside the 13C pocket (when 13C burns

in radiative condition) or in the convective shell generated by the TP (when the equilibrium
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Figure 9.2 Fluorine abundances versus carbon abundances, both normalized by
the oxygen abundance (from [95]).

13C, left in the H-ashes, is engulfed in the TP). The first mechanism is of primary origin

(due to the primarity of the 13C pocket), while the second one depends on the envelope

metallicity: the larger the total CNO abundance is, the larger the 13C equilibrium abun-

dance left in the H burning shell ashes is. This latter mechanism is in fact dominant in

the solar metallicity model, where the 13C equilibrium abundance is quite large: its mass

fraction starts from 3.7×10−5 after the first pulse with TDU and increases up to 8.4×10−5

at the end of the AGB phase. We find that the contribution to 19F from the 13C present in

the H-burning ashes is responsible for the 65% of the synthesized fluorine. On the contrary,

in the Z=1×10−4 model the contribution from the equilibrium 13C is lower (it grows from

2.7×10−6 up to 4.3×10−5) and its contribution to the fluorine nucleosynthesis is therefore

of secondary importance.
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This situation changes in the test case of Section 8.1, due to the increased number of TDU

episodes, which leads to a larger total CNO abundance in the envelope. In this case, the

contribution from the equilibrium 13C in the H-burning ashes results dominant, increasing

the fluorine overabundance of a factor 20 with respect the st case (see Table 8.1 in Section

8.1).

For both metallicities, we calculate the effects of varying some key nuclear rates in the 19F

production; in particular we change:

• 15N(p,α)12C;

• 18O(p,α)15N;

• 14C(α,γ)18O.

The 15N(p,α)12C reaction has been measured by [185] and [129] between E=0.07 and 0.76

MeV, while data between E=0.76 and 1.6 MeV are from [140]. We test the effect of varying

this rate by dividing its value for a factor 2.

The 18O(p,α)15N reaction is characterized by more than 50 resonances between E=20 and

6746 keV (see [8]), being the less energetic one (E=20 keV) the major source of uncertainty.

Possible contributions from low energy resonances were presented by [179] and by [34]. We

evaluate the effects of varying this rate by multiplying its value by a factor 2.

Finally, the adopted value for the 14C(α,γ)18O reaction is that one proposed by [33]. The

determination of this rate appears particularly difficult due to the presence of a 1− sub-

threshold state at E=6.198 MeV [67]. Recently, a new reanalysis of this rate has been

presented by [113]. We compute a test by dividing the adopted value by a factor 2 (this

roughly corresponds to the upper limit proposed by [113]). All the studied reactions affect

the synthesis of 15N (and consequently of 19F), including this latter rate. In particular, the

efficiency of the 14C(α,γ)18O regulates the production of 15N during the neutron release

governed by the 13C(α,n)16O, because it produces 18O simultaneously with the protons

from the 14N(n,p)14C reaction.

As reported in Table 9.1, major changes occur in the low metallicity model (variations

are of the order of 20% with respect to the 5% found in the solar metallicity model). In

fact, the reaction rates variations affect results mainly during the interpulse phase, where
13C burns at temperatures around 9×107 K and the nucleosynthesis is working in radiative

conditions. In this environment, the rates variations have important effects on the 15N

production, while in the convective shell the efficiency of these rates is already high, due to

the larger temperature reached at the bottom of the mixed zone. In low metallicity models
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the contribution of the 13C present in the pocket is relatively more important with respect

to the 13C left in the H ashes, therefore we expect larger variations at low metallicities.

In the solar metallicity model, changes of nuclear reaction rates regulating the fluorine

production imply little variations on its surface abundance, therefore confirming the final

value obtained with the adopted rates: [19F/16O] ∼ 0.5. Consequently, our model are not

able to cover the entire spectroscopic range presented by [95]. [113] hypothesized that

data furnished by [95] could be out of date or that possible effects due to a Non Local

Thermal Equilibrium (NLTE) or to a 3D treatment could modify the observed surface
19F abundances. Another possibility is the inclusion in the stellar code of extra mixing

processes at the base of the convective envelope, such as the CBP (see Section 7.1.3).

9.3 23Na nucleosynthesis

As recalled in previous Chapters, the s-process is responsible for the observed enhance-

ments of elements heavier than iron in AGB stars; nonetheless, neutron captures affect

also the nucleosynthesis of light elements, which are normally produced through proton

and α captures: 23Na belongs to this category.

In TP-AGB stars, sodium is mainly synthesized by proton captures on 22Ne. In Fig. 9.3

we report a scheme of the internal layers constituting an AGB star. From the top to the

bottom, we plot the convective envelope, the H-burning shell, separated from the He-shell

by the He-intershell, and the degenerate C-O core. The proton diffusion from the envelope

obtained by introducing the convective velocity profile (see Section 6) is represented by the

sprinkled area and labeled as ’P’, while the region interested by the 13C-pocket is drawn

as a black thick line. Two convective shells generated by TPs are plotted for the sake

of clarity. The numbered arrows identify the activation of nuclear processes synthesizing
23Na: in our models, in fact, sodium is produced in different phases. The first burst occurs

during the formation of the 13C pocket (number 1) by means of the 22Ne(p,γ)23Na reaction,

as already pointed out in Section 6.2. In the solar metallicity case,the 23Na production is

dominated by this mechanism.

In the Z=1×10−4 model, a second source of 23Na is represented by the neutron capture

on 22Ne, which occurs both during the radiative 13C burning (mechanism number 2) and

during the convective 22Ne burning (mechanism number 3). These additional sources con-

tribute to 13% and 35% of the total sodium production, respectively.
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Figure 9.3 Schematic TP-AGB structure; mechanisms responsible for the 23Na
production are evidenced.

While our solar metallicity model shows a negligible 23Na surface enrichment (+25%, equiv-

alent to 0.1 dex) during the AGB phase, at the end of the Z=1 × 10−4 model we found a

sodium surface enhancement by more than a factor 10 ([Na/Fe]∼1).

Recent measurements of 22Ne(p,γ)23Na [77] and 23Na(p,γ)24Mg reaction rates [78] sig-

nificantly reduce the values quoted in the NACRE compilation [8] around 108 K (see Figures

9.4 and 9.5). We then calculate a series of TPs in the Z=Z� and in the Z=1×10−4 models

with rates from ([77],[78]) and we compare the resulting intershell sodium mass fraction

with the one obtained with the NACRE rates [8].

In Fig. 9.6 we plot the neon and sodium abundances in the He-intershell after the 3rd pulse

with TDU, obtained with the adopted rates [8] and rates provided by [77] and [78]. Left

panels refer to the solar metallicity model, the right ones to the Z=1×10−4 model. Lower

panels show the He-intershell abundances profiles obtained with the standard adopted rates

([8]) while the upper panel depict the abundances obtained by using rates provided by [77]

and [78]. In all panels we report the 12C abundance (dotted line), the 13C one (sort-dashed
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Figure 9.4 Comparison between different rates of the 22Ne(p,γ)23Na reaction as
a function of the temperature.

line), the 22Ne one (long-dashed line), the 23Na one (solid line) and the hydrogen one (as-

terisks).

In the solar metallicity model, a lower 23Na pocket is found when using rates from [77]

and [78], leading however to negligible variations with respect to the adopted rates [8].

The lower 22Ne abundance found in the H-burning ashes doesn’t affect the global 22Ne

production, because of its primary origin.

In the Z=1×10−4 model, the reduction of the first reaction rate depresses the abundance

peak of the 23Na pocket as in the solar metallicity model. This effect is marginally coun-

terbalanced by the reduction of the second reaction rate, which leads to a larger 23Na

abundance in the H-burning shell ashes (see top right panel in Fig. 9.6). A variation of

about −30% is found. This considerable difference is not emerging from the solar metal-

licity model because the sodium initial abundance is larger with respect to the Z=1×10−4

model one. The different sensitivities of the two models with respect to the rates variation
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Figure 9.5 Comparison between different rates of the 23Na(p,γ)24Mg reaction as
a function of the temperature.

have therefore to be ascribed to a dilution effect. In this way, the reduction of the 23Na

pocket, affecting both models with the same efficiency (due to its primary origin), is more

evident at low metallicities.

Moreover, we verify that the correction of a misprint in the 23Na(n,γ)24Na reaction rate (5

keV data tabulated in [12]) implies a further decrease of the sodium abundance by about

15% in the Z=1×10−4 model. This correction makes the contribution of the neutron cap-

ture on 22Ne during radiative 13C burning negligible, while it does not affect the ∼23 keV

neutron capture occurring in the convective 22Ne burning. As a whole, we estimate that

with these changes of the relevant reaction rates the final sodium overabundance in our

Z=1×10−4 model would be [Na/Fe]∼0.7, that is a factor 2 lower than predictions presented

in Section 7.2.

Finally, it has to be stressed that a different treatment of the opacity in the envelope of a low
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Figure 9.6 He-intershell abundances after the 3rd pulse with TDU obtained with
the standard rates and rates provided by [77] and [78]. Data refer to the M = 2M�
model with solar metallicity (left Panels) and to the M = 2M� model with Z =
1 × 10−4 (right Panels).

metallicity AGB star (test case) implies a great enhancement in the final sodium overabun-

dance with respect the standard (st) case (see Table 8.1 in Section 8.1). This large increase

(almost a factor 50) is due to the contribution coming from the 22Ne(n,γ)23Ne(β−)23Na

nucleosynthetic chain, which results efficiently activated when the temperature at the bot-

tom of the convective region generated by a TP reaches T ∼ 3.2 × 108 K. This condition

is easily fulfilled in the test case (see Fig. 8.7 in Section 8.1), while it is barely attained

in the st case, in which proton capture on 22Ne dominates over the corresponding neutron

capture.
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Chapter 10

Concluding remarks

10.1 What we did

In this PhD Thesis we presented the nucleosynthesis and the evolution of low mass AGB

stars, by computing three different models with the same initial mass (M=2 M�) and

different metallicities (Z=1.5×10−2, equivalent to the initial metal amount of the Sun,

Z=1×10−3 and Z=1×10−4).

In the first part we described the main features of the s-process (Chapter 1), illus-

trating the motivations at the base of this work (Chapter 2). In Chapter 3 we described

main characteristics of our stellar evolutionary code (FRANEC), stressing in particular the

treatment of convection and the adopted input physics, while in Chapter 4 we reviewed

the theoretical investigation of nucleosynthesis and evolution of low mass AGB stars.

In Chapter 5 we described the procedure followed in constructing a full nuclear network

(from H to Bi), in which about 500 isotopes are linked by more than 700 reactions. We

upgraded our database by using the most recent experimental and theoretical reaction

rates, involving both strong and weak interactions.

The introduction of an exponentially decaying profile of velocity below the convective

envelope during Third Dredge Up episodes allows a small amount of protons to diffuse in

the C-rich He intershell, leading to the formation of a 13C-rich layer (Chapter 6). The

resulting 13C pocket partially overlaps with a more external 14N pocket, followed by a

further minor 23Na pocket. All these pockets are of primary origin: no dependence on

the initial metallicity has in fact been evidenced. The mass extension of the 13C pocket

decreases along the AGB phase, simultaneously with the shrinking of the He-intershell

region, starting from ∆Meff
13C ∼ 6 × 10−4M� down to 2 × 10−4M�. We also tested the

sensitivity of the velocity profile algorithm by varying the β free parameter, implicit in
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its formulation. We motivated the choice of our standard value (β=0.1) by analysing the

resulting 13C pocket at varying β. However, our aim is not to give an absolute value, but

to narrow the uncertainty implied by the use of a free parameter.

The evolution and the nucleosynthesis of the three computed model are presented in

Chapter 7. We followed the AGB evolutions up to the envelope composition freezes out;

the final elemental distributions are representative of the ones expected for the intrinsic

carbon stars observed in the disk and in the halo of the Milky Way. A comparison with

available spectroscopic analysis shows a reasonable agreement with solar metallicity, while

points out some problems in the modelling of AGB stars at low metallicities. Concerning

the solar metallicity case, we formulated a new hypothesis on the origin of short-lived

radioactive isotopes at the epoch of the Early Solar System formation.

For the first time in the literature, we furnished a uniform set of yields at different

metallicities, containing all the chemical species (see Appendix A).

As demonstrated in Chapter 8, a different treatment of the opacity coefficients in the

cool envelopes of low mass AGB stars has dramatic effects on their mass-loss rate, therefore

implying large changes in their final surface overabundances. The tests we carried out lead

us to conclude that, at the moment, these problems cannot be solved, because of the lack

of opacity tables calculated with different C/O ratios.

Finally, in Chapter 9 we pointed out our membership to the nuclear astrophysics tribe,

by discussing how the variations of some nuclear reaction rates affect the nucleosynthesis

of light and heavy elements.

10.2 What we wish to do

The present work demonstrates that, nowadays, the computational power allows the cou-

pling between a stellar evolutionary code and a full nuclear network. A different treatment

of the internal border of the convective envelope with respect to the Schwarzschild criterion

allows the formation of the so-called 13C pocket. It has however to be reminded that the

algorithm we introduced is dependent on a free parameter, that we calibrated for low mass

AGB stars: a lower value is probably requested in computing models with initial larger

masses. It the future we’ll therefore investigate this hypothesis by calculating models of

more massive AGB stars (4 < M/M� < 9).

Moreover, we are interested in studying solar metallicity models with initial mass M∼
(1.3 ÷ 1.5)M/M�, in order to verify our guess on the origin of short-lived radioactive
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isotopes at the epoch of the formation of the Early Solar System.

We propose our mechanism as a valid tool for the creation of a self-consistent s-process

model, but also other physical mechanisms have to be taken into account, among which

the introduction of rotation in our code is of primary importance. Rotation could in fact

have important effects on the formation of the 13C pocket [80, 150] and, coupled with

our velocity profile algorithm, could give naturally rise to the desired spread in the 13C

pocket efficiencies. Other promising mechanisms have however to be considered, like gravity

waves or magnetic fields: recently, the work of [27] verified that the required magnetic fields

strengths are in the range foreseen for the formation of the 13C pocket.

Finally, the importance of the adopted mass loss rate and of molecules contribution to

opacity has been pointed out. While the first problem will be analized by calculating new

models with a reduced mass loss, the second one could be solved only when opacity tables

with enhanced carbon and nitrogen abundances will be available.

We therefore conclude that we still have a lot of work to do, but our efforts are always

sustained by the wise latin words:

PER ASPERA AD ASTRA...
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[144] Schwarzschild, M., & Härm, R.: 1965, ApJ 142, 855.

[145] Schwarzschild, M., & Härm, R.: 1967, ApJ 150, 961.
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Appendix A

Yields

Hereafter we report the yields (in M� units) for a M=2M� star with different metallicities:

Z=Z� (corresponding to 1.5 × 10−2, see Section 7.1), Z=1×10−3 (see Section 7.2) and

Z=1×10−4 (the st case described in Section 7.2 and the test case presented in Section 8.1).

Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

1H -4.29E-02 -5.73E-02 -6.12E-02 -1.84E-01
2H -3.31E-05 -3.42E-05 -3.36E-05 -3.12E-05
3He 3.75E-04 2.82E-04 1.97E-04 1.50E-04
4He 3.42E-02 4.72E-02 5.25E-02 1.45E-01
6Li -1.06E-09 -7.01E-11 -6.89E-12 -6.40E-12
7Li -1.51E-08 -9.49E-10 -4.43E-11 5.86E-11
7Be 7.37E-19 1.74E-17 1.59E-17 6.85E-17
9Be -2.65E-10 -1.80E-11 -1.76E-12 -1.64E-12
10B -1.34E-09 -9.15E-11 -9.05E-12 -8.44E-12
11B -5.75E-09 -3.97E-10 -3.96E-11 -3.69E-11
12C 6.04E-03 9.04E-03 7.94E-03 3.07E-02
13C 5.43E-05 3.35E-06 4.58E-07 2.84E-06
14C 5.31E-11 4.56E-10 4.72E-10 1.00E-08
14N 1.36E-03 1.40E-04 2.58E-05 1.21E-04
15N -2.80E-06 -2.15E-07 -2.12E-08 -1.20E-08
16O -1.05E-04 2.21E-04 2.08E-04 6.58E-04
17O 3.40E-05 7.55E-06 9.62E-07 7.92E-07
18O -5.76E-06 -5.14E-07 -5.57E-08 1.39E-07
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

19F 9.34E-07 7.48E-07 7.78E-07 1.15E-05
20Ne -2.02E-05 3.55E-07 1.23E-06 1.73E-04
21Ne 5.17E-08 1.22E-07 1.20E-07 3.30E-06
22Ne 8.24E-04 4.66E-04 3.11E-04 6.71E-03
23Na 2.11E-05 5.14E-06 2.67E-06 1.18E-04
24Mg 7.96E-07 6.32E-06 3.18E-06 3.53E-04
25Mg -1.16E-06 3.57E-06 3.07E-06 1.43E-04
26Mg 8.91E-07 2.87E-06 2.99E-06 1.04E-04
26Al 3.92E-07 3.46E-08 1.40E-08 2.60E-07
27Al -6.33E-08 1.02E-06 4.12E-07 5.01E-06
28Si -1.33E-05 1.10E-07 2.21E-07 1.64E-06
29Si -5.97E-07 4.10E-08 1.83E-08 1.27E-07
30Si 1.36E-07 1.26E-07 3.46E-08 1.86E-07
32Si 1.03E-16 7.07E-15 1.01E-14 3.93E-15
31P 2.78E-07 9.27E-08 3.54E-08 1.37E-07
32P 3.06E-20 2.09E-18 2.97E-18 1.16E-18
32S -7.54E-06 -1.16E-07 -8.12E-09 -7.18E-08
33S 3.69E-08 1.49E-08 1.50E-09 7.93E-09
34S -1.76E-07 2.82E-08 5.75E-09 2.50E-08
36S 2.23E-08 4.14E-09 8.78E-10 3.11E-09
35Cl -9.55E-08 -3.36E-09 -4.18E-10 -2.17E-09
36Cl 1.37E-09 2.30E-10 2.19E-11 6.54E-11
37Cl 7.80E-08 7.13E-09 7.12E-10 3.94E-09
36Ar -8.72E-07 -3.18E-08 -4.45E-09 -2.25E-08
38Ar 4.00E-08 2.50E-08 3.60E-09 1.93E-08
39Ar 1.23E-13 2.10E-12 5.02E-13 3.01E-13
40Ar 1.74E-08 1.53E-09 4.99E-10 1.80E-09
39K -5.31E-08 -3.97E-11 2.37E-10 7.86E-10
40K 6.53E-09 9.97E-10 9.51E-11 6.01E-10
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

41K 4.01E-08 4.90E-09 4.39E-10 2.69E-09
40Ca -1.57E-06 -4.88E-08 -7.09E-09 -3.52E-08
41Ca 3.97E-09 4.81E-10 4.39E-11 1.35E-10
42Ca 1.77E-08 3.31E-09 4.26E-10 2.30E-09
43Ca 3.12E-09 6.64E-10 1.04E-10 5.69E-10
44Ca -6.74E-09 5.65E-10 1.78E-10 7.70E-10
46Ca 1.89E-09 1.75E-10 8.24E-11 3.24E-10
48Ca -3.02E-09 -3.21E-11 -4.02E-12 -1.81E-11
45Sc 4.09E-09 6.27E-10 9.44E-11 5.30E-10
46Ti 3.10E-09 2.42E-10 4.54E-11 1.49E-10
47Ti -4.68E-09 -2.26E-10 -7.31E-12 -8.43E-11
48Ti -6.39E-08 -3.83E-09 -4.18E-10 -2.35E-09
49Ti 1.69E-08 2.90E-09 2.60E-10 1.52E-09
50Ti 4.37E-08 5.93E-09 6.03E-10 3.46E-09
50V -3.34E-11 -2.31E-12 -2.41E-13 -1.35E-12
51V -6.67E-09 -5.48E-11 -3.27E-11 -1.40E-10
50Cr -2.74E-08 -1.89E-09 -1.96E-10 -1.10E-09
52Cr -3.67E-07 -9.86E-09 -1.57E-09 -7.89E-09
53Cr -4.75E-08 -8.74E-10 -1.40E-10 -5.72E-10
54Cr 4.87E-08 1.01E-08 1.28E-09 7.33E-09
55Mn -1.29E-07 1.22E-08 -6.46E-10 -1.36E-09
54Fe -2.30E-06 -1.40E-07 -1.59E-08 -8.72E-08
55Fe 7.09E-15 2.78E-13 1.98E-14 3.93E-14
56Fe -2.92E-05 -1.03E-06 -1.50E-07 -7.89E-07
57Fe 1.27E-06 3.78E-07 3.21E-08 2.03E-07
58Fe 2.22E-06 4.65E-07 6.68E-08 3.86E-07
60Fe 1.06E-07 9.30E-09 6.78E-09 2.20E-08
59Co 5.68E-07 9.46E-08 1.57E-08 9.04E-08
60Co 3.71E-13 3.27E-14 2.38E-14 7.72E-14
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

58Ni -1.64E-06 -1.07E-07 -1.20E-08 -6.69E-08
59Ni 2.10E-08 3.38E-09 2.21E-10 8.58E-10
60Ni -1.08E-07 3.67E-08 8.28E-09 4.53E-08
61Ni 1.82E-07 2.82E-08 5.15E-09 2.56E-08
62Ni 2.90E-07 3.57E-08 9.42E-09 3.91E-08
63Ni 4.17E-14 1.79E-12 6.83E-13 5.77E-13
64Ni 3.51E-07 1.64E-08 9.30E-09 3.05E-08
63Cu 1.18E-07 1.74E-08 6.05E-09 2.48E-08
65Cu 1.03E-07 4.87E-09 2.28E-09 7.28E-09
64Zn 2.28E-08 6.86E-10 5.12E-10 7.95E-10
66Zn 9.96E-08 4.54E-09 2.30E-09 7.43E-09
67Zn 2.30E-08 1.08E-09 5.03E-10 1.67E-09
68Zn 1.30E-07 5.01E-09 2.30E-09 8.05E-09
70Zn -3.41E-10 -1.15E-11 5.19E-12 6.53E-11
69Ga 2.56E-08 7.67E-10 3.16E-10 1.12E-09
71Ga 2.85E-08 6.53E-10 2.14E-10 7.67E-10
70Ge 4.73E-08 1.24E-09 4.43E-10 1.60E-09
72Ge 5.24E-08 1.34E-09 4.07E-10 1.57E-09
73Ge 1.46E-08 3.92E-10 1.17E-10 4.64E-10
74Ge 7.23E-08 1.76E-09 4.79E-10 2.02E-09
76Ge -4.78E-10 -2.07E-11 2.56E-12 5.17E-11
75As 6.33E-09 1.45E-10 4.19E-11 1.77E-10
76Se 2.64E-08 6.20E-10 1.50E-10 6.62E-10
77Se 1.05E-08 2.29E-10 5.71E-11 2.56E-10
78Se 3.97E-08 8.80E-10 1.98E-10 9.26E-10
79Se 4.14E-09 3.92E-11 9.47E-12 1.28E-10
80Se 7.99E-08 1.81E-09 3.64E-10 1.90E-09
82Se -3.00E-10 -8.36E-12 2.64E-13 2.33E-11
79Br 6.74E-09 2.98E-10 6.66E-11 2.35E-10
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

81Br 1.40E-08 2.55E-10 4.80E-11 2.54E-10
80Kr 7.80E-09 3.36E-11 3.85E-12 1.64E-11
81Kr 1.12E-09 5.37E-12 5.46E-13 1.80E-12
82Kr 5.32E-08 1.11E-09 1.64E-10 8.58E-10
83Kr 1.71E-08 3.64E-10 5.46E-11 2.99E-10
84Kr 1.08E-07 2.56E-09 3.71E-10 2.27E-09
86Kr 2.39E-08 1.53E-09 2.45E-10 2.66E-09
85Rb 1.89E-08 6.46E-10 1.12E-10 7.13E-10
87Rb 8.17E-09 6.30E-10 1.27E-10 1.18E-09
86Sr 5.66E-08 8.49E-10 7.94E-11 5.02E-10
87Sr 3.65E-08 5.86E-10 4.62E-11 3.08E-10
88Sr 7.52E-07 1.83E-08 1.20E-09 1.17E-08
89Y 1.50E-07 4.56E-09 3.22E-10 3.30E-09
90Zr 1.62E-07 4.52E-09 2.67E-10 2.81E-09
91Zr 3.84E-08 1.44E-09 9.46E-11 1.03E-09
92Zr 6.28E-08 2.35E-09 1.65E-10 1.80E-09
93Zr 1.66E-08 6.52E-10 4.92E-11 4.61E-10
94Zr 8.65E-08 3.06E-09 1.95E-10 2.21E-09
96Zr 2.60E-09 5.25E-10 7.62E-11 9.17E-10
93Nb 4.76E-09 1.18E-10 5.07E-12 1.38E-10
92Mo -3.48E-11 -2.48E-12 -2.47E-13 -1.40E-12
94Mo 7.68E-10 5.29E-12 -9.36E-14 1.92E-14
95Mo 8.49E-09 3.54E-10 2.31E-11 2.76E-10
96Mo 1.79E-08 5.96E-10 3.61E-11 4.05E-10
97Mo 6.19E-09 2.03E-10 1.32E-11 1.50E-10
98Mo 2.22E-08 7.23E-10 3.87E-11 4.55E-10
100Mo 1.93E-10 5.62E-11 4.54E-12 6.47E-11
99Tc 7.70E-10 3.41E-11 2.61E-12 1.95E-11
96Ru -1.24E-11 -8.32E-13 -7.35E-14 -4.21E-13
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

98Ru -2.87E-12 -2.41E-13 -2.47E-14 -1.40E-13
99Ru 2.28E-09 6.49E-11 2.55E-12 4.30E-11
100Ru 1.11E-08 3.55E-10 1.73E-11 2.07E-10
101Ru 2.39E-09 8.03E-11 4.02E-12 5.01E-11
102Ru 1.21E-08 4.27E-10 2.16E-11 2.64E-10
104Ru 1.93E-10 5.54E-11 3.92E-12 5.62E-11
103Rh 2.53E-09 8.95E-11 4.50E-12 5.63E-11
104Pd 8.36E-09 2.71E-10 1.36E-11 1.60E-10
105Pd 2.14E-09 7.53E-11 3.90E-12 4.82E-11
106Pd 9.73E-09 3.51E-10 1.87E-11 2.24E-10
107Pd 1.83E-09 6.70E-11 3.65E-12 4.16E-11
108Pd 1.20E-08 4.49E-10 2.38E-11 2.81E-10
110Pd 1.80E-10 6.25E-11 4.58E-12 6.53E-11
107Ag 7.12E-11 5.96E-13 -9.76E-14 1.62E-12
109Ag 3.10E-09 1.14E-10 6.00E-12 7.08E-11
108Cd 5.79E-11 2.12E-13 -9.65E-15 -4.76E-14
110Cd 1.01E-08 3.63E-10 1.86E-11 2.12E-10
111Cd 3.41E-09 1.33E-10 7.11E-12 8.43E-11
112Cd 1.24E-08 5.17E-10 2.76E-11 3.25E-10
113Cd 3.64E-09 1.51E-10 8.02E-12 9.46E-11
114Cd 1.77E-08 7.68E-10 4.08E-11 4.78E-10
116Cd 3.01E-10 1.35E-10 1.30E-11 1.75E-10
113In -1.33E-12 -7.69E-14 -6.60E-15 -3.78E-14
115In 3.49E-09 1.55E-10 8.30E-12 9.85E-11
114Sn -2.80E-12 -2.21E-13 -2.10E-14 -1.19E-13
115Sn -1.41E-12 -1.12E-13 -1.08E-14 -6.16E-14
116Sn 2.40E-08 1.02E-09 5.09E-11 5.78E-10
117Sn 7.27E-09 3.28E-10 1.78E-11 2.09E-10
118Sn 3.11E-08 1.60E-09 8.86E-11 1.04E-09
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

119Sn 9.48E-09 4.74E-10 2.62E-11 3.07E-10
120Sn 4.76E-08 2.70E-09 1.52E-10 1.81E-09
122Sn 3.19E-10 2.36E-10 3.29E-11 4.71E-10
124Sn -1.68E-11 3.32E-12 1.60E-12 4.87E-11
121Sb 3.61E-09 2.08E-10 1.18E-11 1.43E-10
123Sb 1.97E-10 5.90E-11 5.07E-12 7.06E-11
122Te 6.14E-09 3.04E-10 1.68E-11 1.98E-10
123Te 2.22E-09 1.02E-10 5.59E-12 6.47E-11
124Te 1.19E-08 6.29E-10 3.60E-11 4.31E-10
125Te 4.01E-09 2.08E-10 1.16E-11 1.41E-10
126Te 2.17E-08 1.23E-09 6.30E-11 7.61E-10
128Te 2.36E-09 1.96E-10 1.46E-11 2.27E-10
130Te -1.55E-10 -7.07E-12 -9.25E-13 -4.87E-12
127I 2.71E-09 1.57E-10 7.64E-12 9.77E-11
129I 3.12E-11 5.87E-12 5.44E-13 6.97E-12

128Xe 6.75E-09 3.82E-10 1.91E-11 2.27E-10
129Xe 2.62E-09 1.51E-10 7.36E-12 9.79E-11
130Xe 1.43E-08 8.44E-10 4.21E-11 5.04E-10
131Xe 5.08E-09 3.17E-10 1.53E-11 1.88E-10
132Xe 2.61E-08 1.78E-09 8.83E-11 1.06E-09
134Xe 2.43E-10 2.44E-10 3.20E-11 4.62E-10
136Xe -2.38E-11 1.58E-12 9.37E-13 3.85E-11
133Cs 3.40E-09 2.53E-10 1.27E-11 1.56E-10
135Cs 8.91E-10 2.51E-10 1.75E-11 2.07E-10
134Ba 9.63E-09 5.23E-10 2.50E-11 2.91E-10
135Ba 3.50E-09 1.80E-10 8.05E-12 1.14E-10
136Ba 2.42E-08 1.83E-09 8.81E-11 1.06E-09
137Ba 1.87E-08 1.70E-09 1.05E-10 1.22E-09
138Ba 1.39E-07 2.68E-08 1.36E-09 1.71E-08
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

139La 1.56E-08 3.42E-09 1.70E-10 2.15E-09
140Ce 3.55E-08 1.17E-08 5.28E-10 6.46E-09
142Ce 9.59E-11 5.14E-10 5.72E-11 7.85E-10
141Pr 2.75E-09 1.23E-09 6.23E-11 7.96E-10
142Nd 7.98E-09 2.87E-09 1.17E-10 1.41E-09
143Nd 1.04E-09 4.89E-10 2.47E-11 3.16E-10
144Nd 3.24E-09 1.59E-09 8.29E-11 1.07E-09
145Nd 5.73E-10 2.96E-10 1.53E-11 1.99E-10
146Nd 3.08E-09 1.47E-09 7.42E-11 9.40E-10
148Nd 7.57E-11 2.64E-10 1.66E-11 2.27E-10
150Nd -8.25E-12 9.24E-12 8.50E-13 1.56E-11
144Sm -1.19E-12 -8.68E-14 -8.44E-15 -4.79E-14
146Sm 8.08E-14 5.23E-15 1.38E-16 9.57E-16
147Sm 3.21E-10 1.72E-10 8.61E-12 1.11E-10
148Sm 1.00E-09 3.72E-10 1.73E-11 2.06E-10
149Sm 1.32E-10 7.26E-11 3.81E-12 4.94E-11
150Sm 6.07E-10 3.16E-10 1.64E-11 2.05E-10
151Sm 3.59E-17 3.38E-15 4.04E-16 1.28E-15
152Sm 4.21E-10 2.72E-10 1.44E-11 1.81E-10
154Sm 2.39E-11 1.24E-10 7.80E-12 1.11E-10
151Eu 7.41E-11 4.37E-11 2.23E-12 2.96E-11
153Eu 7.01E-11 5.00E-11 2.65E-12 3.42E-11
152Gd 1.86E-11 3.32E-12 1.58E-13 2.05E-12
154Gd 1.57E-10 7.54E-11 3.90E-12 4.84E-11
155Gd 9.25E-11 7.08E-11 4.01E-12 5.26E-11
156Gd 3.80E-10 2.23E-10 1.24E-11 1.58E-10
157Gd 1.78E-10 1.02E-10 5.72E-12 7.31E-11
158Gd 7.80E-10 4.01E-10 2.25E-11 2.82E-10
160Gd 9.61E-12 9.03E-11 6.17E-12 9.07E-11
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

159Tb 1.65E-10 8.96E-11 5.02E-12 6.39E-11
160Dy 2.71E-10 1.29E-10 7.13E-12 8.72E-11
161Dy 1.12E-10 6.72E-11 3.88E-12 5.02E-11
162Dy 5.56E-10 2.87E-10 1.62E-11 2.04E-10
163Dy 1.73E-10 8.91E-11 4.98E-12 6.36E-11
164Dy 1.02E-09 4.78E-10 2.44E-11 3.03E-10
163Ho 8.98E-14 2.73E-13 2.56E-14 1.86E-13
165Ho 2.14E-10 1.21E-10 6.42E-12 8.12E-11
164Er 7.84E-11 5.03E-11 2.83E-12 3.67E-11
166Er 4.14E-10 1.82E-10 9.45E-12 1.15E-10
167Er 1.87E-10 8.45E-11 4.48E-12 5.60E-11
168Er 7.96E-10 3.61E-10 1.79E-11 2.22E-10
170Er 6.07E-11 1.91E-10 1.03E-11 1.46E-10
169Tm 1.97E-10 9.68E-11 4.79E-12 6.14E-11
170Yb 2.67E-10 1.14E-10 5.27E-12 6.45E-11
171Yb 2.63E-10 1.70E-10 8.15E-12 1.08E-10
172Yb 7.90E-10 4.24E-10 2.01E-11 2.52E-10
173Yb 3.60E-10 1.96E-10 9.38E-12 1.20E-10
174Yb 1.70E-09 9.40E-10 4.47E-11 5.67E-10
176Yb 3.54E-11 2.04E-10 1.33E-11 1.88E-10
175Lu 2.24E-10 1.32E-10 6.27E-12 8.09E-11
176Lu 4.00E-11 2.33E-11 1.10E-12 1.40E-11
176Hf 3.08E-10 1.65E-10 7.79E-12 9.70E-11
177Hf 1.74E-10 1.14E-10 5.71E-12 7.41E-11
178Hf 8.22E-10 5.14E-10 2.61E-11 3.28E-10
179Hf 2.78E-10 1.75E-10 8.88E-12 1.12E-10
180Hf 1.56E-09 9.58E-10 4.74E-11 5.79E-10
182Hf 1.64E-11 1.26E-10 8.67E-12 1.18E-10
180Ta 4.39E-14 3.54E-14 1.85E-15 2.94E-14
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Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

181Ta 3.12E-10 2.04E-10 1.00E-11 1.25E-10
180W -4.55E-14 -2.74E-15 -2.36E-16 -1.35E-15
182W 7.63E-10 3.43E-10 1.58E-11 1.89E-10
183W 4.54E-10 2.53E-10 1.23E-11 1.52E-10
184W 1.17E-09 6.95E-10 3.16E-11 3.83E-10
186W 1.80E-10 4.85E-10 2.38E-11 3.05E-10
185Re 2.17E-10 1.37E-10 6.27E-12 7.76E-11
187Re -1.80E-11 9.44E-11 3.32E-12 6.13E-11
186Os 4.71E-10 2.30E-10 9.85E-12 1.14E-10
187Os 2.03E-10 6.57E-11 4.19E-12 3.16E-11
188Os 5.65E-10 4.15E-10 2.06E-11 2.56E-10
189Os 1.31E-10 1.13E-10 5.64E-12 7.20E-11
190Os 7.48E-10 5.52E-10 2.85E-11 3.59E-10
192Os 1.45E-12 1.56E-10 8.30E-12 1.13E-10
191Ir 1.02E-10 1.17E-10 5.95E-12 7.70E-11
193Ir 8.86E-11 1.45E-10 7.49E-12 9.91E-11
192Pt 3.48E-10 1.55E-10 7.91E-12 9.27E-11
194Pt 8.99E-10 6.68E-10 3.72E-11 4.70E-10
195Pt 2.66E-10 2.50E-10 1.31E-11 1.66E-10
196Pt 1.46E-09 9.98E-10 4.84E-11 5.81E-10
198Pt -7.63E-12 1.17E-10 9.27E-12 1.44E-10
197Au 3.51E-10 2.78E-10 1.30E-11 1.60E-10
198Hg 1.22E-09 8.23E-10 3.62E-11 4.18E-10
199Hg 5.19E-10 4.11E-10 1.87E-11 2.29E-10
200Hg 1.79E-09 1.44E-09 6.57E-11 7.97E-10
201Hg 7.25E-10 6.28E-10 2.88E-11 3.51E-10
202Hg 3.03E-09 2.46E-09 1.13E-10 1.32E-09
204Hg 7.83E-13 8.14E-11 8.93E-12 1.56E-10
203Tl 1.33E-09 1.28E-09 6.06E-11 7.22E-10



139

Isotope Z = 1.5 × 10−2 Z = 1 × 10−3 Z = 1 × 10−4
(st) Z = 1 × 10−4

(test)

205Tl 3.60E-09 2.88E-09 1.20E-10 1.42E-09
204Pb 2.33E-09 1.57E-09 6.47E-11 7.50E-10
205Pb 1.70E-10 1.30E-10 4.44E-12 5.31E-11
206Pb 1.18E-08 1.62E-08 9.14E-10 8.22E-09
207Pb 1.36E-08 2.81E-08 1.55E-09 1.32E-08
208Pb 1.84E-08 4.93E-07 5.85E-08 1.48E-07
209Bi 8.34E-11 7.80E-09 1.37E-09 3.64E-09
210Po 3.19E-18 8.53E-15 4.19E-15 6.30E-14



140 APPENDIX A.



Appendix B

Surface enrichments

Hereafter we report the pulse by pulse surface enrichments, in the usual spectroscopic

notation1, for a star with initial mass M=2M� and different metallicities: Z=Z� (corre-

sponding to 1.5× 10−2, see Section 7.1), Z=1×10−3 (see Section 7.2) and Z=1×10−4 (the

st case described in Section 7.2 and the test case presented in Section 8.1). In the first

column we report the element labels, while in the others columns we tabulate the pulse by

pulse [Xi/Fe] (the first row identify the number of TP followed by TDU).

B.1 Solar metallicity case (Z=1.5×10−2)

El. 1 2 3 4 5 6 7 8 9 10 11

C -1.9E-01 -1.5E-01 -5.2E-02 6.7E-02 1.8E-01 2.8E-01 3.7E-01 4.4E-01 5.1E-01 5.6E-01 5.6E-01

N 3.1E-01 3.1E-01 3.1E-01 3.1E-01 3.1E-01 3.1E-01 3.1E-01 3.1E-01 3.0E-01 3.0E-01 3.0E-01

O -5.9E-04 -5.6E-04 -1.0E-05 9.3E-04 1.9E-03 2.7E-03 3.1E-03 3.2E-03 2.8E-03 2.1E-03 2.1E-03

F -8.2E-03 -2.0E-03 2.5E-02 7.3E-02 1.4E-01 2.1E-01 2.8E-01 3.5E-01 4.3E-01 4.9E-01 4.9E-01

Ne -2.3E-03 1.4E-03 1.4E-02 3.4E-02 6.0E-02 8.9E-02 1.2E-01 1.6E-01 1.9E-01 2.2E-01 2.2E-01

Na 7.5E-02 7.7E-02 8.2E-02 9.0E-02 1.0E-01 1.1E-01 1.3E-01 1.4E-01 1.6E-01 1.7E-01 1.7E-01

Mg 0.0E+00 3.8E-05 2.4E-04 6.3E-04 1.3E-03 2.2E-03 3.4E-03 5.0E-03 7.0E-03 9.0E-03 9.1E-03

Al 2.3E-04 5.2E-04 9.7E-04 1.8E-03 2.9E-03 4.3E-03 5.7E-03 7.3E-03 9.0E-03 1.0E-02 1.0E-02

Si 0.0E+00 2.9E-05 1.4E-04 2.9E-04 4.6E-04 6.2E-04 7.8E-04 9.4E-04 1.1E-03 1.2E-03 1.2E-03

P 0.0E+00 3.6E-04 1.9E-03 4.3E-03 7.2E-03 1.0E-02 1.3E-02 1.6E-02 1.8E-02 2.0E-02 2.0E-02

S 0.0E+00 -3.2E-06 1.3E-05 5.1E-05 1.1E-04 1.7E-04 2.4E-04 3.1E-04 3.6E-04 4.1E-04 4.1E-04

1[El/Fe]=log(N(El)/N(Fe))−log(N(El)/N(Fe))� ; the label El stands for the generic element.
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El. 1 2 3 4 5 6 7 8 9 10 11

Cl 5.4E-06 1.0E-04 5.2E-04 1.2E-03 2.0E-03 2.9E-03 3.8E-03 4.8E-03 5.8E-03 6.6E-03 6.6E-03

Ar 0.0E+00 1.3E-05 6.4E-05 1.3E-04 2.0E-04 2.5E-04 3.1E-04 3.5E-04 3.8E-04 4.1E-04 4.2E-04

K -2.6E-04 -1.2E-04 4.1E-04 1.2E-03 2.0E-03 3.0E-03 4.1E-03 5.0E-03 6.0E-03 7.0E-03 7.4E-03

Ca 1.4E-05 -3.7E-05 -1.5E-04 -2.7E-04 -3.5E-04 -4.3E-04 -5.0E-04 -5.5E-04 -6.3E-04 -7.0E-04 -7.3E-04

Sc 8.2E-06 2.1E-03 6.4E-03 1.1E-02 1.7E-02 2.2E-02 2.7E-02 3.2E-02 3.8E-02 4.2E-02 4.2E-02

Ti 6.0E-07 6.0E-05 4.6E-04 1.2E-03 2.2E-03 3.3E-03 4.4E-03 5.5E-03 6.5E-03 7.2E-03 7.2E-03

V 2.5E-06 -1.3E-04 -3.4E-04 -4.6E-04 -3.9E-04 -1.2E-04 3.2E-04 8.8E-04 1.5E-03 2.1E-03 2.1E-03

Cr 0.0E+00 -3.7E-06 7.8E-07 1.8E-05 4.7E-05 7.6E-05 1.1E-04 1.4E-04 1.6E-04 1.8E-04 1.9E-04

Mn 4.6E-06 -1.0E-04 -2.3E-04 -2.1E-04 6.1E-05 6.2E-04 1.5E-03 2.6E-03 4.0E-03 5.1E-03 5.2E-03

Fe 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00

Co 1.6E-05 3.5E-03 1.2E-02 2.1E-02 2.9E-02 3.6E-02 4.3E-02 4.7E-02 5.3E-02 5.9E-02 6.2E-02

Ni -2.9E-06 8.3E-05 5.6E-04 1.2E-03 1.7E-03 2.2E-03 2.6E-03 2.9E-03 3.1E-03 3.2E-03 3.1E-03

Cu 2.7E-06 4.5E-03 1.6E-02 3.0E-02 4.2E-02 5.3E-02 6.3E-02 7.1E-02 7.9E-02 8.5E-02 8.5E-02

Zn -1.1E-06 5.8E-04 4.1E-03 9.9E-03 1.7E-02 2.4E-02 3.2E-02 3.8E-02 4.5E-02 5.0E-02 5.0E-02

Ga 3.8E-06 3.9E-03 2.0E-02 4.8E-02 8.1E-02 1.2E-01 1.5E-01 1.8E-01 2.1E-01 2.3E-01 2.3E-01

Ge 1.2E-06 4.1E-03 2.1E-02 4.9E-02 8.4E-02 1.2E-01 1.6E-01 1.9E-01 2.2E-01 2.4E-01 2.4E-01

As -6.6E-06 2.4E-03 1.3E-02 3.0E-02 5.3E-02 7.7E-02 1.0E-01 1.2E-01 1.4E-01 1.6E-01 1.6E-01

Se 0.0E+00 5.7E-03 3.0E-02 6.7E-02 1.1E-01 1.5E-01 2.0E-01 2.3E-01 2.7E-01 2.9E-01 2.9E-01

Br -6.9E-03 -4.4E-03 7.8E-03 3.1E-02 6.4E-02 9.9E-02 1.4E-01 1.7E-01 2.0E-01 2.2E-01 2.3E-01

Kr 1.5E-03 1.0E-02 4.5E-02 1.0E-01 1.6E-01 2.2E-01 2.8E-01 3.2E-01 3.7E-01 4.0E-01 4.0E-01

Rb -2.0E-06 2.2E-02 8.3E-02 1.4E-01 2.0E-01 2.5E-01 2.9E-01 3.3E-01 3.6E-01 3.8E-01 3.9E-01

Sr 2.5E-06 2.2E-02 2.1E-01 4.6E-01 6.8E-01 8.4E-01 9.6E-01 1.1E+00 1.1E+00 1.2E+00 1.2E+00

Y -3.1E-06 2.3E-02 2.0E-01 4.3E-01 6.3E-01 7.9E-01 9.0E-01 9.9E-01 1.1E+00 1.1E+00 1.1E+00

Zr 0.0E+00 1.7E-02 1.9E-01 4.3E-01 6.4E-01 7.9E-01 9.1E-01 9.9E-01 1.1E+00 1.1E+00 1.1E+00

Nb -8.3E-06 -2.0E-04 8.1E-04 2.6E-02 8.8E-02 1.8E-01 3.0E-01 3.5E-01 4.3E-01 5.0E-01 5.7E-01

Mo 1.1E-06 5.2E-03 1.1E-01 3.0E-01 4.8E-01 6.2E-01 7.3E-01 8.2E-01 8.8E-01 9.2E-01 9.2E-01

Ru -3.1E-06 1.5E-03 6.8E-02 2.1E-01 3.6E-01 4.9E-01 5.9E-01 6.7E-01 7.3E-01 7.7E-01 7.7E-01

Rh -8.2E-06 6.0E-04 3.6E-02 1.2E-01 2.2E-01 3.1E-01 3.8E-01 4.4E-01 4.9E-01 5.2E-01 5.2E-01

Pd 4.2E-06 2.2E-03 1.1E-01 3.1E-01 5.0E-01 6.4E-01 7.5E-01 8.3E-01 9.0E-01 9.4E-01 9.4E-01
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El. 1 2 3 4 5 6 7 8 9 10 11

Ag -1.2E-05 3.7E-04 3.0E-02 1.0E-01 1.9E-01 2.7E-01 3.4E-01 4.0E-01 4.4E-01 4.7E-01 4.8E-01

Cd 3.6E-06 2.8E-03 1.2E-01 3.4E-01 5.4E-01 6.9E-01 8.0E-01 8.9E-01 9.5E-01 9.9E-01 9.9E-01

In -7.1E-06 1.6E-03 8.1E-02 2.4E-01 4.0E-01 5.4E-01 6.4E-01 7.1E-01 7.7E-01 8.1E-01 8.1E-01

Sn 0.0E+00 2.8E-03 1.2E-01 3.4E-01 5.4E-01 7.0E-01 8.1E-01 8.9E-01 9.5E-01 9.9E-01 9.9E-01

Sb -6.8E-06 1.3E-03 6.1E-02 1.8E-01 3.0E-01 4.1E-01 5.0E-01 5.6E-01 6.2E-01 6.5E-01 6.5E-01

Te 0.0E+00 4.6E-04 3.8E-02 1.3E-01 2.5E-01 3.5E-01 4.2E-01 4.8E-01 5.3E-01 5.6E-01 5.6E-01

I -1.3E-05 -6.0E-05 1.2E-02 4.5E-02 9.1E-02 1.4E-01 1.8E-01 2.1E-01 2.4E-01 2.5E-01 2.6E-01

Xe 3.5E-06 4.4E-04 4.8E-02 1.7E-01 3.0E-01 4.1E-01 4.9E-01 5.6E-01 6.1E-01 6.4E-01 6.4E-01

Cs -7.7E-06 8.0E-04 7.9E-02 1.8E-01 2.8E-01 3.7E-01 4.4E-01 5.0E-01 5.5E-01 5.8E-01 5.8E-01

Ba 0.0E+00 7.2E-04 1.1E-01 3.6E-01 5.9E-01 7.5E-01 8.7E-01 9.5E-01 1.0E+00 1.0E+00 1.0E+00

La 0.0E+00 2.7E-04 8.3E-02 3.0E-01 5.1E-01 6.7E-01 7.8E-01 8.6E-01 9.2E-01 9.5E-01 9.5E-01

Ce 0.0E+00 1.7E-04 6.3E-02 2.6E-01 4.6E-01 6.2E-01 7.3E-01 8.1E-01 8.7E-01 9.0E-01 9.1E-01

Pr -2.5E-06 4.5E-05 3.9E-02 1.5E-01 2.9E-01 4.1E-01 5.1E-01 5.8E-01 6.4E-01 6.7E-01 6.7E-01

Nd 0.0E+00 3.7E-05 3.4E-02 1.6E-01 3.2E-01 4.5E-01 5.6E-01 6.3E-01 6.9E-01 7.2E-01 7.2E-01

Sm -3.3E-06 -4.6E-05 1.5E-02 8.2E-02 1.8E-01 2.7E-01 3.5E-01 4.2E-01 4.6E-01 4.9E-01 4.9E-01

Eu -1.6E-05 -2.1E-04 1.9E-03 1.3E-02 3.3E-02 5.6E-02 7.9E-02 1.0E-01 1.2E-01 1.3E-01 1.3E-01

Gd 4.2E-06 -7.6E-05 7.2E-03 4.2E-02 9.8E-02 1.6E-01 2.1E-01 2.5E-01 2.8E-01 3.0E-01 3.0E-01

Tb -1.6E-03 -1.8E-03 1.5E-03 2.1E-02 5.4E-02 9.2E-02 1.3E-01 1.6E-01 1.8E-01 1.9E-01 1.9E-01

Dy 2.5E-04 1.3E-04 6.3E-03 4.1E-02 9.7E-02 1.6E-01 2.2E-01 2.6E-01 2.9E-01 3.1E-01 3.1E-01

Ho -9.6E-06 -3.6E-05 4.4E-03 2.5E-02 6.3E-02 9.4E-02 1.1E-01 1.4E-01 1.7E-01 1.7E-01 1.7E-01

Er 5.0E-06 -6.3E-05 7.1E-03 4.4E-02 1.1E-01 1.7E-01 2.3E-01 2.8E-01 3.2E-01 3.4E-01 3.4E-01

Tm -3.6E-03 -3.8E-03 1.1E-03 3.0E-02 8.1E-02 1.4E-01 1.9E-01 2.4E-01 2.8E-01 3.0E-01 3.0E-01

Yb 5.7E-04 6.4E-04 1.8E-02 9.3E-02 2.0E-01 3.1E-01 4.0E-01 4.7E-01 5.2E-01 5.5E-01 5.6E-01

Lu -1.2E-03 -1.3E-03 6.5E-03 4.7E-02 1.1E-01 1.9E-01 2.5E-01 3.1E-01 3.5E-01 3.7E-01 3.7E-01

Hf 2.9E-04 6.5E-04 2.5E-02 1.3E-01 2.7E-01 4.0E-01 5.1E-01 5.8E-01 6.4E-01 6.8E-01 6.8E-01

Ta -4.9E-06 1.5E-04 1.6E-02 9.1E-02 2.1E-01 3.2E-01 4.2E-01 4.9E-01 5.5E-01 5.8E-01 5.8E-01

W -1.1E-06 4.3E-04 2.1E-02 1.1E-01 2.5E-01 3.7E-01 4.8E-01 5.5E-01 6.1E-01 6.5E-01 6.5E-01

Re -6.8E-02 -6.8E-02 -6.1E-02 -3.5E-02 1.5E-02 7.4E-02 1.3E-01 1.8E-01 2.2E-01 2.4E-01 2.4E-01

Os 4.9E-03 4.8E-03 7.3E-03 2.4E-02 5.4E-02 9.0E-02 1.3E-01 1.5E-01 1.8E-01 1.9E-01 1.9E-01
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El. 1 2 3 4 5 6 7 8 9 10 11

Ir -1.3E-05 -2.0E-04 -3.0E-04 1.7E-03 6.1E-03 1.2E-02 1.8E-02 2.3E-02 2.7E-02 2.9E-02 2.9E-02

Pt 7.4E-06 -8.1E-05 1.5E-03 1.3E-02 3.5E-02 6.2E-02 8.8E-02 1.1E-01 1.3E-01 1.4E-01 1.4E-01

Au -5.9E-06 -1.5E-04 9.8E-04 9.4E-03 2.6E-02 4.9E-02 7.2E-02 9.3E-02 1.1E-01 1.2E-01 1.2E-01

Hg 1.2E-05 4.1E-04 1.6E-02 9.6E-02 2.2E-01 3.5E-01 4.5E-01 5.3E-01 5.9E-01 6.3E-01 6.3E-01

Tl -7.7E-07 9.2E-04 1.7E-02 1.1E-01 2.7E-01 4.2E-01 5.4E-01 6.2E-01 6.9E-01 7.2E-01 7.2E-01

Pb 9.0E-07 1.7E-04 4.8E-03 5.1E-02 1.5E-01 2.6E-01 3.6E-01 4.4E-01 4.9E-01 5.3E-01 5.3E-01

Bi -1.0E-06 -4.8E-06 8.5E-05 1.7E-03 6.5E-03 1.4E-02 2.4E-02 3.3E-02 4.2E-02 4.7E-02 4.7E-02

B.2 Intermediate metallicity case (Z=1×10−3)

El. 1 2 3 4 5 6 7 8 9 10

C -1.3E-01 5.0E-01 8.9E-01 1.1E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00 1.7E+00 1.7E+00

N 4.0E-01 4.0E-01 4.0E-01 4.0E-01 4.0E-01 4.0E-01 4.0E-01 4.0E-01 4.0E-01 4.1E-01

O -9.9E-03 1.4E-03 2.6E-02 5.6E-02 8.6E-02 1.1E-01 1.3E-01 1.5E-01 1.7E-01 1.8E-01

F -4.1E-02 1.8E-01 4.7E-01 7.1E-01 8.8E-01 1.0E+00 1.1E+00 1.2E+00 1.3E+00 1.4E+00

Ne -4.9E-03 4.1E-02 1.4E-01 2.6E-01 3.8E-01 4.9E-01 5.9E-01 6.8E-01 7.7E-01 8.0E-01

Na 1.5E-01 1.6E-01 1.7E-01 2.0E-01 2.4E-01 2.8E-01 3.3E-01 3.7E-01 4.2E-01 4.4E-01

Mg 7.4E-05 5.8E-04 2.9E-03 8.3E-03 1.7E-02 2.9E-02 4.5E-02 6.4E-02 8.7E-02 9.8E-02

Al 3.0E-03 1.1E-02 2.3E-02 3.7E-02 4.8E-02 5.7E-02 6.4E-02 7.1E-02 7.6E-02 7.9E-02

Si 6.3E-06 1.5E-04 4.2E-04 7.8E-04 1.2E-03 1.6E-03 2.1E-03 2.6E-03 3.1E-03 3.3E-03

P 2.0E-06 2.0E-03 7.6E-03 1.6E-02 2.4E-02 3.3E-02 4.0E-02 4.7E-02 5.3E-02 5.5E-02

S 4.8E-07 8.8E-06 6.9E-05 1.7E-04 2.6E-04 3.3E-04 3.6E-04 3.6E-04 3.4E-04 3.3E-04

Cl 1.2E-05 3.2E-04 8.6E-04 1.5E-03 2.2E-03 2.9E-03 3.6E-03 4.3E-03 5.0E-03 5.2E-03

Ar 0.0E+00 2.1E-05 5.9E-05 1.1E-04 1.5E-04 2.1E-04 2.8E-04 3.6E-04 4.7E-04 5.3E-04

K -1.9E-04 1.9E-04 8.4E-04 1.7E-03 2.8E-03 3.9E-03 5.2E-03 6.6E-03 8.2E-03 9.1E-03

Ca 1.0E-05 -1.1E-04 -2.7E-04 -4.4E-04 -6.4E-04 -9.1E-04 -1.2E-03 -1.6E-03 -2.0E-03 -2.2E-03

Sc 3.9E-05 3.7E-03 8.8E-03 1.5E-02 2.4E-02 3.4E-02 4.5E-02 5.7E-02 7.1E-02 7.7E-02
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El. 1 2 3 4 5 6 7 8 9 10

Ti 8.7E-07 3.4E-04 1.2E-03 2.4E-03 3.8E-03 5.1E-03 6.4E-03 7.6E-03 8.8E-03 9.3E-03

V 1.1E-05 -2.1E-04 -2.3E-04 6.0E-05 4.8E-04 7.9E-04 9.1E-04 7.9E-04 5.3E-04 3.8E-04

Cr 0.0E+00 7.9E-06 4.8E-05 1.1E-04 1.9E-04 2.7E-04 3.5E-04 4.4E-04 5.3E-04 5.7E-04

Mn 2.5E-05 -6.2E-05 1.6E-04 9.1E-04 2.0E-03 3.2E-03 4.2E-03 5.1E-03 5.7E-03 5.9E-03

Fe 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 4.8E-17 0.0E+00 0.0E+00 4.8E-17 4.8E-17

Co 2.6E-05 6.6E-03 1.6E-02 2.5E-02 3.7E-02 5.1E-02 6.9E-02 9.1E-02 1.2E-01 1.3E-01

Ni -4.3E-06 1.4E-04 3.9E-04 6.4E-04 8.0E-04 9.4E-04 1.1E-03 1.4E-03 1.8E-03 2.0E-03

Cu 1.6E-05 8.0E-03 1.8E-02 2.9E-02 4.0E-02 5.2E-02 6.8E-02 8.6E-02 1.1E-01 1.2E-01

Zn -1.6E-06 6.2E-04 3.1E-03 6.4E-03 1.0E-02 1.4E-02 1.7E-02 2.1E-02 2.5E-02 2.7E-02

Ga 1.6E-05 4.7E-03 1.5E-02 2.8E-02 4.1E-02 5.3E-02 6.6E-02 7.9E-02 9.2E-02 9.8E-02

Ge 1.8E-06 4.5E-03 1.5E-02 2.8E-02 4.2E-02 5.5E-02 6.8E-02 8.1E-02 9.3E-02 9.8E-02

As -2.6E-05 2.3E-03 7.9E-03 1.5E-02 2.4E-02 3.2E-02 3.9E-02 4.6E-02 5.4E-02 5.6E-02

Se 0.0E+00 5.5E-03 1.7E-02 3.3E-02 4.9E-02 6.5E-02 8.0E-02 9.4E-02 1.1E-01 1.1E-01

Br -6.9E-03 -4.0E-03 3.5E-03 1.5E-02 3.0E-02 4.4E-02 5.9E-02 7.3E-02 8.5E-02 9.4E-02

Kr 1.5E-03 9.7E-03 3.0E-02 5.7E-02 8.5E-02 1.1E-01 1.4E-01 1.6E-01 1.8E-01 1.9E-01

Rb -3.0E-06 1.5E-02 3.8E-02 7.0E-02 1.1E-01 1.5E-01 2.0E-01 2.4E-01 2.8E-01 3.0E-01

Sr 1.1E-05 6.6E-02 2.1E-01 3.6E-01 4.7E-01 5.6E-01 6.2E-01 6.7E-01 7.1E-01 7.3E-01

Y 0.0E+00 7.4E-02 2.2E-01 3.7E-01 4.8E-01 5.8E-01 6.5E-01 7.1E-01 7.5E-01 7.7E-01

Zr 0.0E+00 8.2E-02 2.4E-01 4.0E-01 5.2E-01 6.1E-01 6.9E-01 7.4E-01 7.9E-01 8.1E-01

Nb -3.6E-05 6.2E-04 7.3E-03 2.5E-02 5.8E-02 9.2E-02 1.3E-01 1.8E-01 2.2E-01 2.6E-01

Mo 6.5E-06 4.8E-02 1.7E-01 3.0E-01 4.1E-01 4.8E-01 5.5E-01 5.9E-01 6.3E-01 6.5E-01

Ru -1.2E-05 2.8E-02 1.1E-01 2.1E-01 3.0E-01 3.7E-01 4.3E-01 4.7E-01 5.0E-01 5.2E-01

Rh -3.9E-05 1.4E-02 6.0E-02 1.2E-01 1.8E-01 2.2E-01 2.6E-01 2.9E-01 3.1E-01 3.2E-01

Pd 2.1E-05 5.2E-02 1.8E-01 3.2E-01 4.3E-01 5.2E-01 5.8E-01 6.3E-01 6.7E-01 6.9E-01

Ag -4.5E-05 1.4E-02 5.4E-02 1.1E-01 1.6E-01 2.0E-01 2.3E-01 2.6E-01 2.9E-01 2.9E-01

Cd 1.6E-05 7.1E-02 2.3E-01 3.8E-01 5.1E-01 6.0E-01 6.8E-01 7.3E-01 7.8E-01 7.9E-01

In -2.5E-05 4.6E-02 1.6E-01 2.8E-01 3.8E-01 4.7E-01 5.3E-01 5.8E-01 6.2E-01 6.3E-01

Sn 1.7E-06 8.7E-02 2.6E-01 4.3E-01 5.6E-01 6.6E-01 7.4E-01 8.0E-01 8.5E-01 8.7E-01

Sb -2.9E-05 4.5E-02 1.4E-01 2.5E-01 3.6E-01 4.4E-01 5.2E-01 5.7E-01 6.2E-01 6.4E-01
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El. 1 2 3 4 5 6 7 8 9 10

Te -2.6E-06 2.9E-02 1.0E-01 1.9E-01 2.7E-01 3.3E-01 3.8E-01 4.2E-01 4.6E-01 4.7E-01

I -5.2E-05 8.5E-03 3.5E-02 7.1E-02 1.1E-01 1.4E-01 1.7E-01 1.9E-01 2.1E-01 2.1E-01

Xe 1.3E-05 4.2E-02 1.5E-01 2.6E-01 3.6E-01 4.4E-01 5.1E-01 5.6E-01 6.0E-01 6.1E-01

Cs -2.6E-05 6.7E-02 1.7E-01 3.0E-01 4.3E-01 5.3E-01 6.1E-01 6.8E-01 7.3E-01 7.5E-01

Ba 6.0E-06 2.3E-01 5.7E-01 8.3E-01 1.0E+00 1.1E+00 1.2E+00 1.3E+00 1.3E+00 1.4E+00

La 0.0E+00 2.4E-01 6.0E-01 8.6E-01 1.0E+00 1.2E+00 1.3E+00 1.3E+00 1.4E+00 1.4E+00

Ce 0.0E+00 3.1E-01 7.1E-01 9.8E-01 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.5E+00 1.5E+00

Pr -1.2E-05 2.2E-01 5.4E-01 8.0E-01 9.8E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.4E+00

Nd -2.5E-06 2.5E-01 6.2E-01 8.8E-01 1.1E+00 1.2E+00 1.3E+00 1.3E+00 1.4E+00 1.4E+00

Sm -1.4E-05 1.7E-01 4.6E-01 6.9E-01 8.5E-01 9.7E-01 1.1E+00 1.1E+00 1.2E+00 1.2E+00

Eu -6.4E-05 3.7E-02 1.3E-01 2.3E-01 3.3E-01 4.1E-01 4.7E-01 5.2E-01 5.7E-01 5.8E-01

Gd 1.3E-05 1.0E-01 2.9E-01 4.7E-01 6.1E-01 7.3E-01 8.1E-01 8.8E-01 9.4E-01 9.6E-01

Tb -1.6E-03 5.5E-02 1.8E-01 3.1E-01 4.2E-01 5.1E-01 5.8E-01 6.4E-01 6.9E-01 7.1E-01

Dy 2.4E-04 9.4E-02 2.9E-01 4.6E-01 6.0E-01 6.9E-01 7.7E-01 8.3E-01 8.9E-01 9.1E-01

Ho -3.5E-05 5.1E-02 1.8E-01 3.1E-01 4.1E-01 5.0E-01 5.7E-01 6.1E-01 6.6E-01 6.7E-01

Er 2.4E-05 1.1E-01 3.3E-01 5.3E-01 6.8E-01 7.9E-01 8.7E-01 9.3E-01 9.8E-01 1.0E+00

Tm -3.6E-03 7.1E-02 2.8E-01 4.6E-01 5.9E-01 6.8E-01 7.5E-01 8.1E-01 8.6E-01 8.7E-01

Yb 5.9E-04 2.1E-01 5.5E-01 8.1E-01 9.8E-01 1.1E+00 1.2E+00 1.3E+00 1.3E+00 1.3E+00

Lu -9.1E-04 1.1E-01 3.6E-01 5.8E-01 7.4E-01 8.5E-01 9.3E-01 9.9E-01 1.0E+00 1.1E+00

Hf 2.3E-04 3.2E-01 7.0E-01 9.8E-01 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.5E+00 1.5E+00

Ta -2.3E-05 2.4E-01 6.1E-01 8.7E-01 1.1E+00 1.2E+00 1.3E+00 1.3E+00 1.4E+00 1.4E+00

W -1.6E-06 3.0E-01 7.0E-01 9.7E-01 1.2E+00 1.3E+00 1.4E+00 1.4E+00 1.5E+00 1.5E+00

Re -6.4E-02 6.8E-02 3.1E-01 5.4E-01 7.2E-01 8.4E-01 9.3E-01 9.9E-01 1.0E+00 1.1E+00

Os 4.6E-03 7.2E-02 2.2E-01 3.8E-01 5.0E-01 6.0E-01 6.8E-01 7.4E-01 7.9E-01 8.0E-01

Ir -5.5E-05 1.2E-02 4.6E-02 9.1E-02 1.4E-01 1.8E-01 2.2E-01 2.5E-01 2.8E-01 2.9E-01

Pt 2.8E-05 4.8E-02 1.7E-01 3.0E-01 4.0E-01 4.9E-01 5.6E-01 6.1E-01 6.6E-01 6.8E-01

Au -1.4E-05 3.9E-02 1.5E-01 2.7E-01 3.8E-01 4.6E-01 5.2E-01 5.7E-01 6.1E-01 6.3E-01

Hg 5.7E-05 3.1E-01 7.2E-01 1.0E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.5E+00 1.6E+00

Tl -2.3E-06 3.9E-01 8.6E-01 1.2E+00 1.3E+00 1.5E+00 1.6E+00 1.6E+00 1.7E+00 1.7E+00
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El. 1 2 3 4 5 6 7 8 9 10

Pb 6.6E-07 1.1E+00 1.7E+00 2.0E+00 2.2E+00 2.3E+00 2.4E+00 2.5E+00 2.5E+00 2.6E+00

Bi -1.5E-06 6.7E-01 1.2E+00 1.5E+00 1.7E+00 1.8E+00 1.9E+00 2.0E+00 2.1E+00 2.1E+00

B.3 Low metallicity cases

B.3.1 Z=1×10−4 (st case)

El. 1 2 3 4 5 6 7 8 9

C 1.4E+00 1.8E+00 2.1E+00 2.2E+00 2.4E+00 2.5E+00 2.6E+00 2.6E+00 2.6E+00

N 4.9E-01 4.9E-01 5.0E-01 5.1E-01 5.2E-01 5.4E-01 5.6E-01 5.9E-01 6.4E-01

O 4.5E-02 2.0E-01 3.5E-01 4.7E-01 5.6E-01 6.4E-01 7.0E-01 7.4E-01 7.5E-01

F 3.3E-01 1.3E+00 1.7E+00 1.9E+00 2.1E+00 2.2E+00 2.3E+00 2.4E+00 2.4E+00

Ne 1.1E-02 4.2E-01 7.5E-01 9.9E-01 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00

Na 2.2E-01 2.4E-01 3.5E-01 5.1E-01 6.6E-01 8.0E-01 9.1E-01 1.0E+00 1.0E+00

Mg 1.1E-04 3.6E-03 3.1E-02 8.6E-02 1.6E-01 2.5E-01 3.5E-01 4.3E-01 4.5E-01

Al 6.4E-03 2.2E-02 5.6E-02 1.0E-01 1.5E-01 1.9E-01 2.3E-01 2.6E-01 2.8E-01

Si 2.0E-03 4.2E-03 6.5E-03 9.0E-03 1.2E-02 1.5E-02 1.8E-02 2.0E-02 2.1E-02

P 6.9E-03 2.1E-02 4.4E-02 7.3E-02 1.0E-01 1.3E-01 1.6E-01 1.8E-01 1.8E-01

S 9.8E-05 3.2E-04 6.5E-04 1.0E-03 1.4E-03 1.8E-03 2.2E-03 2.4E-03 2.5E-03

Cl 2.9E-04 8.7E-04 1.6E-03 2.3E-03 3.1E-03 3.9E-03 4.6E-03 5.4E-03 5.5E-03

Ar 2.3E-04 4.9E-04 7.1E-04 8.9E-04 1.1E-03 1.3E-03 1.5E-03 1.7E-03 1.8E-03

K 9.9E-04 2.5E-03 3.9E-03 5.3E-03 6.7E-03 8.3E-03 1.0E-02 1.2E-02 1.3E-02

Ca -1.7E-04 -3.6E-04 -5.7E-04 -8.4E-04 -1.2E-03 -1.5E-03 -2.0E-03 -2.4E-03 -2.5E-03

Sc 1.0E-02 2.1E-02 3.3E-02 4.4E-02 5.7E-02 7.3E-02 8.9E-02 1.1E-01 1.1E-01

Ti 8.1E-04 2.1E-03 3.5E-03 4.8E-03 6.0E-03 7.4E-03 8.7E-03 9.7E-03 9.9E-03

V -1.5E-04 -1.3E-04 -8.0E-05 -1.8E-04 -4.6E-04 -8.1E-04 -1.3E-03 -2.0E-03 -2.1E-03

Cr 1.9E-05 7.7E-05 1.5E-04 2.4E-04 3.4E-04 4.6E-04 5.7E-04 6.8E-04 7.1E-04

Mn -2.3E-04 -1.8E-04 1.4E-04 4.7E-04 6.2E-04 5.6E-04 2.8E-04 -9.4E-05 -1.5E-04
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El. 1 2 3 4 5 6 7 8 9

Fe 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.00E+00

Co 1.7E-02 3.5E-02 5.2E-02 7.1E-02 9.5E-02 1.2E-01 1.6E-01 1.9E-01 2.0E-01

Ni 2.3E-03 4.9E-03 6.9E-03 8.3E-03 9.4E-03 1.1E-02 1.2E-02 1.4E-02 1.5E-02

Cu 6.6E-02 1.2E-01 1.6E-01 1.9E-01 2.2E-01 2.5E-01 2.8E-01 3.1E-01 3.2E-01

Zn 1.2E-02 3.4E-02 5.6E-02 7.2E-02 8.2E-02 9.1E-02 9.8E-02 1.1E-01 1.1E-01

Ga 3.9E-02 8.9E-02 1.4E-01 1.8E-01 2.1E-01 2.3E-01 2.5E-01 2.7E-01 2.7E-01

Ge 3.1E-02 7.4E-02 1.1E-01 1.5E-01 1.8E-01 2.0E-01 2.2E-01 2.4E-01 2.4E-01

As 1.5E-02 3.8E-02 6.1E-02 8.1E-02 9.8E-02 1.1E-01 1.3E-01 1.4E-01 1.4E-01

Se 2.3E-02 5.8E-02 9.2E-02 1.2E-01 1.4E-01 1.7E-01 1.9E-01 2.0E-01 2.1E-01

Br 3.3E-03 2.5E-02 5.4E-02 8.3E-02 1.1E-01 1.3E-01 1.5E-01 1.7E-01 1.8E-01

Kr 2.1E-02 6.0E-02 1.0E-01 1.3E-01 1.6E-01 2.0E-01 2.3E-01 2.5E-01 2.5E-01

Rb 3.3E-02 9.0E-02 1.6E-01 2.2E-01 2.8E-01 3.4E-01 4.0E-01 4.4E-01 4.5E-01

Sr 1.4E-02 1.3E-01 2.4E-01 3.3E-01 4.0E-01 4.9E-01 5.5E-01 5.9E-01 6.0E-01

Y 8.7E-03 1.1E-01 2.3E-01 3.3E-01 4.2E-01 5.3E-01 6.0E-01 6.5E-01 6.6E-01

Zr 6.7E-03 1.0E-01 2.2E-01 3.3E-01 4.1E-01 5.4E-01 6.2E-01 6.7E-01 6.8E-01

Nb -5.1E-04 -5.7E-04 3.5E-03 1.5E-02 3.0E-02 5.0E-02 8.6E-02 1.2E-01 1.5E-01

Mo 3.8E-03 6.4E-02 1.4E-01 2.1E-01 2.8E-01 3.8E-01 4.4E-01 4.9E-01 5.0E-01

Ru 2.3E-03 4.2E-02 9.6E-02 1.5E-01 1.9E-01 2.5E-01 3.0E-01 3.4E-01 3.4E-01

Rh 8.9E-04 2.2E-02 5.1E-02 7.9E-02 1.0E-01 1.4E-01 1.7E-01 1.9E-01 2.0E-01

Pd 4.0E-03 7.3E-02 1.6E-01 2.3E-01 2.9E-01 3.9E-01 4.4E-01 4.9E-01 5.0E-01

Ag 5.3E-04 1.9E-02 4.4E-02 6.9E-02 9.2E-02 1.3E-01 1.6E-01 1.8E-01 1.8E-01

Cd 4.4E-03 9.1E-02 2.0E-01 2.9E-01 3.7E-01 4.8E-01 5.4E-01 5.9E-01 6.0E-01

In 2.3E-03 5.9E-02 1.4E-01 2.0E-01 2.6E-01 3.5E-01 4.0E-01 4.4E-01 4.5E-01

Sn 4.6E-03 1.0E-01 2.2E-01 3.3E-01 4.2E-01 5.5E-01 6.2E-01 6.7E-01 6.8E-01

Sb 2.0E-03 5.1E-02 1.2E-01 2.0E-01 2.7E-01 3.8E-01 4.5E-01 5.0E-01 5.1E-01

Te 1.1E-03 3.3E-02 7.9E-02 1.2E-01 1.7E-01 2.4E-01 2.9E-01 3.2E-01 3.3E-01

I -2.7E-05 1.0E-02 2.6E-02 4.2E-02 5.9E-02 8.8E-02 1.1E-01 1.2E-01 1.3E-01

Xe 2.6E-03 5.1E-02 1.2E-01 1.8E-01 2.4E-01 3.4E-01 3.9E-01 4.4E-01 4.4E-01

Cs 3.6E-03 6.9E-02 1.6E-01 2.5E-01 3.3E-01 4.6E-01 5.2E-01 5.7E-01 5.8E-01
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El. 1 2 3 4 5 6 7 8 9

Ba 1.9E-02 2.5E-01 4.8E-01 6.4E-01 7.7E-01 9.5E-01 1.0E+00 1.1E+00 1.1E+00

La 1.8E-02 2.6E-01 4.9E-01 6.5E-01 7.9E-01 9.8E-01 1.1E+00 1.1E+00 1.1E+00

Ce 2.5E-02 3.1E-01 5.8E-01 7.5E-01 9.0E-01 1.1E+00 1.2E+00 1.2E+00 1.2E+00

Pr 1.5E-02 2.3E-01 4.6E-01 6.2E-01 7.7E-01 9.6E-01 1.0E+00 1.1E+00 1.1E+00

Nd 2.2E-02 2.6E-01 5.0E-01 6.6E-01 8.0E-01 9.8E-01 1.1E+00 1.1E+00 1.1E+00

Sm 1.7E-02 1.7E-01 3.5E-01 4.9E-01 6.3E-01 8.0E-01 8.9E-01 9.4E-01 9.5E-01

Eu 2.6E-03 3.4E-02 8.6E-02 1.4E-01 2.0E-01 3.0E-01 3.6E-01 3.9E-01 4.0E-01

Gd 9.7E-03 9.8E-02 2.3E-01 3.4E-01 4.6E-01 6.2E-01 7.0E-01 7.5E-01 7.6E-01

Tb 3.4E-03 5.1E-02 1.3E-01 2.0E-01 2.8E-01 4.1E-01 4.8E-01 5.2E-01 5.3E-01

Dy 9.6E-03 8.6E-02 2.0E-01 3.0E-01 4.0E-01 5.5E-01 6.4E-01 6.9E-01 6.9E-01

Ho 4.7E-03 5.0E-02 1.2E-01 1.8E-01 2.6E-01 3.9E-01 4.4E-01 4.8E-01 4.8E-01

Er 1.2E-02 1.1E-01 2.4E-01 3.5E-01 4.6E-01 6.2E-01 7.1E-01 7.6E-01 7.6E-01

Tm 4.9E-03 7.8E-02 1.8E-01 2.7E-01 3.6E-01 5.0E-01 5.8E-01 6.3E-01 6.4E-01

Yb 2.8E-02 2.3E-01 4.4E-01 5.9E-01 7.3E-01 9.1E-01 1.0E+00 1.1E+00 1.1E+00

Lu 1.4E-02 1.3E-01 2.8E-01 3.9E-01 5.0E-01 6.5E-01 7.4E-01 7.8E-01 7.9E-01

Hf 4.8E-02 3.2E-01 5.9E-01 7.5E-01 9.1E-01 1.1E+00 1.2E+00 1.3E+00 1.3E+00

Ta 3.6E-02 2.6E-01 4.9E-01 6.4E-01 7.9E-01 9.7E-01 1.1E+00 1.1E+00 1.1E+00

W 4.6E-02 3.1E-01 5.7E-01 7.3E-01 8.8E-01 1.1E+00 1.2E+00 1.2E+00 1.2E+00

Re -3.4E-01 -1.2E-01 1.2E-01 2.7E-01 4.2E-01 6.0E-01 6.9E-01 7.4E-01 7.5E-01

Os 2.7E-02 8.8E-02 1.8E-01 2.6E-01 3.4E-01 4.6E-01 5.3E-01 5.7E-01 5.7E-01

Ir 1.0E-03 1.2E-02 3.3E-02 5.3E-02 8.0E-02 1.3E-01 1.6E-01 1.7E-01 1.8E-01

Pt 6.1E-03 5.0E-02 1.2E-01 1.8E-01 2.6E-01 3.7E-01 4.4E-01 4.7E-01 4.8E-01

Au 5.1E-03 4.4E-02 1.0E-01 1.6E-01 2.2E-01 3.1E-01 3.7E-01 4.0E-01 4.1E-01

Hg 5.8E-02 3.5E-01 6.1E-01 7.8E-01 9.3E-01 1.1E+00 1.2E+00 1.2E+00 1.2E+00

Tl 5.6E-02 4.1E-01 7.0E-01 8.8E-01 1.0E+00 1.2E+00 1.3E+00 1.3E+00 1.3E+00

Pb 1.2E+00 1.8E+00 2.1E+00 2.3E+00 2.4E+00 2.5E+00 2.6E+00 2.6E+00 2.6E+00

Bi 1.0E+00 1.4E+00 1.7E+00 1.9E+00 2.1E+00 2.2E+00 2.3E+00 2.3E+00 2.3E+00
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B.3.2 Z=1×10−4 (test case)

El. 1 5 10 15 20 25 30 40 49

C 1.4E+00 2.5E+00 2.8E+00 3.0E+00 3.1E+00 3.2E+00 3.2E+00 3.3E+00 3.3E+00

N 4.9E-01 5.3E-01 6.2E-01 7.2E-01 8.5E-01 9.4E-01 1.0E+00 1.3E+00 1.5E+00

O 4.5E-02 6.6E-01 9.0E-01 1.0E+00 1.1E+00 1.1E+00 1.2E+00 1.3E+00 1.3E+00

F 3.3E-01 2.2E+00 2.7E+00 3.0E+00 3.3E+00 3.4E+00 3.5E+00 3.6E+00 3.7E+00

Ne 1.1E-02 1.4E+00 2.0E+00 2.3E+00 2.6E+00 2.7E+00 2.8E+00 3.0E+00 3.0E+00

Na 2.2E-01 8.4E-01 1.5E+00 1.8E+00 2.1E+00 2.3E+00 2.4E+00 2.7E+00 2.8E+00

Mg 1.1E-04 2.7E-01 8.9E-01 1.3E+00 1.6E+00 1.8E+00 1.9E+00 2.1E+00 2.2E+00

Al 6.4E-03 1.9E-01 4.5E-01 6.4E-01 8.2E-01 9.1E-01 9.8E-01 1.1E+00 1.2E+00

Si 2.0E-03 1.6E-02 3.9E-02 6.1E-02 8.6E-02 1.0E-01 1.1E-01 1.5E-01 1.6E-01

P 6.9E-03 1.3E-01 2.9E-01 3.6E-01 4.1E-01 4.4E-01 4.7E-01 5.2E-01 5.4E-01

S 9.8E-05 1.8E-03 3.8E-03 4.6E-03 5.1E-03 5.4E-03 5.8E-03 6.7E-03 7.1E-03

Cl 2.9E-04 4.5E-03 1.0E-02 1.5E-02 2.0E-02 2.3E-02 2.6E-02 3.3E-02 3.5E-02

Ar 2.3E-04 1.4E-03 3.1E-03 4.7E-03 6.1E-03 7.0E-03 7.6E-03 9.3E-03 1.0E-02

K 9.9E-04 9.1E-03 2.2E-02 3.4E-02 4.6E-02 5.2E-02 5.8E-02 7.0E-02 7.5E-02

Ca -1.7E-04 -1.6E-03 -4.6E-03 -7.6E-03 -1.0E-02 -1.2E-02 -1.3E-02 -1.6E-02 -1.7E-02

Sc 1.0E-02 8.3E-02 2.0E-01 2.8E-01 3.5E-01 3.8E-01 4.0E-01 4.5E-01 4.7E-01

Ti 8.1E-04 8.8E-03 1.9E-02 2.8E-02 3.7E-02 4.3E-02 4.8E-02 6.0E-02 6.5E-02

V -1.5E-04 -6.3E-04 -2.8E-03 -5.4E-03 -7.5E-03 -8.1E-03 -8.4E-03 -8.4E-03 -8.5E-03

Cr 1.9E-05 5.2E-04 1.5E-03 2.3E-03 3.2E-03 3.7E-03 4.1E-03 5.2E-03 5.6E-03

Mn -2.3E-04 2.2E-04 -3.3E-04 -3.8E-04 1.2E-03 2.7E-03 4.3E-03 8.4E-03 1.1E-02

Fe 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00 0.0E+00

Co 1.7E-02 1.3E-01 3.2E-01 4.5E-01 5.4E-01 5.8E-01 6.1E-01 6.7E-01 6.9E-01

Ni 2.3E-03 1.2E-02 2.3E-02 3.3E-02 4.3E-02 4.8E-02 5.2E-02 6.1E-02 6.5E-02

Cu 6.6E-02 2.7E-01 4.4E-01 5.6E-01 6.5E-01 6.8E-01 7.1E-01 7.7E-01 7.9E-01

Zn 1.2E-02 1.0E-01 1.6E-01 2.0E-01 2.4E-01 2.6E-01 2.8E-01 3.2E-01 3.4E-01

Ga 3.9E-02 2.7E-01 3.9E-01 4.8E-01 5.5E-01 5.8E-01 6.1E-01 6.8E-01 7.1E-01

Ge 3.1E-02 2.4E-01 3.6E-01 4.5E-01 5.1E-01 5.5E-01 5.8E-01 6.6E-01 6.9E-01

As 1.5E-02 1.5E-01 2.3E-01 2.9E-01 3.5E-01 3.7E-01 4.0E-01 4.7E-01 5.0E-01
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El. 1 5 10 15 20 25 30 40 49

Se 2.3E-02 2.2E-01 3.5E-01 4.4E-01 5.1E-01 5.5E-01 5.9E-01 6.7E-01 7.1E-01

Br 3.3E-03 1.7E-01 3.1E-01 3.7E-01 4.2E-01 4.6E-01 4.9E-01 5.6E-01 5.9E-01

Kr 2.1E-02 2.7E-01 4.5E-01 5.6E-01 6.6E-01 7.2E-01 7.7E-01 9.0E-01 9.5E-01

Rb 3.3E-02 4.6E-01 7.5E-01 8.9E-01 1.0E+00 1.1E+00 1.1E+00 1.2E+00 1.3E+00

Sr 1.4E-02 6.7E-01 9.9E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.6E+00 1.6E+00

Y 8.7E-03 7.3E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00 1.7E+00

Zr 6.7E-03 7.4E-01 1.1E+00 1.3E+00 1.4E+00 1.5E+00 1.5E+00 1.7E+00 1.8E+00

Nb -5.1E-04 9.6E-02 4.3E-01 6.6E-01 8.2E-01 9.0E-01 9.6E-01 1.1E+00 1.2E+00

Mo 3.8E-03 5.5E-01 9.2E-01 1.1E+00 1.2E+00 1.3E+00 1.3E+00 1.5E+00 1.5E+00

Ru 2.3E-03 3.9E-01 7.0E-01 8.3E-01 9.6E-01 1.0E+00 1.1E+00 1.3E+00 1.3E+00

Rh 8.9E-04 2.4E-01 4.7E-01 5.7E-01 6.9E-01 7.6E-01 8.4E-01 9.9E-01 1.0E+00

Pd 4.0E-03 5.6E-01 9.0E-01 1.0E+00 1.2E+00 1.3E+00 1.3E+00 1.5E+00 1.6E+00

Ag 5.3E-04 2.2E-01 4.3E-01 5.3E-01 6.5E-01 7.2E-01 7.9E-01 9.4E-01 9.9E-01

Cd 4.4E-03 6.6E-01 1.0E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00 1.7E+00

In 2.3E-03 5.0E-01 8.3E-01 9.6E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00

Sn 4.6E-03 7.3E-01 1.1E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00 1.8E+00 1.8E+00

Sb 2.0E-03 5.4E-01 9.3E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00

Te 1.1E-03 3.6E-01 6.8E-01 8.0E-01 9.4E-01 1.0E+00 1.1E+00 1.3E+00 1.3E+00

I -2.7E-05 1.4E-01 3.2E-01 4.0E-01 5.1E-01 5.8E-01 6.5E-01 7.9E-01 8.4E-01

Xe 2.6E-03 4.7E-01 8.3E-01 9.8E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00

Cs 3.6E-03 6.0E-01 1.0E+00 1.1E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00 1.7E+00

Ba 1.9E-02 1.1E+00 1.5E+00 1.7E+00 1.9E+00 2.0E+00 2.1E+00 2.3E+00 2.3E+00

La 1.8E-02 1.1E+00 1.5E+00 1.7E+00 1.9E+00 2.0E+00 2.1E+00 2.3E+00 2.3E+00

Ce 2.5E-02 1.2E+00 1.7E+00 1.9E+00 2.1E+00 2.2E+00 2.3E+00 2.4E+00 2.4E+00

Pr 1.5E-02 1.0E+00 1.5E+00 1.7E+00 1.9E+00 2.0E+00 2.1E+00 2.3E+00 2.3E+00

Nd 2.2E-02 1.1E+00 1.5E+00 1.7E+00 2.0E+00 2.1E+00 2.1E+00 2.3E+00 2.3E+00

Sm 1.7E-02 8.7E-01 1.4E+00 1.6E+00 1.8E+00 1.9E+00 2.0E+00 2.1E+00 2.1E+00

Eu 2.6E-03 3.5E-01 7.3E-01 9.1E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.4E+00

Gd 9.7E-03 6.8E-01 1.2E+00 1.4E+00 1.6E+00 1.7E+00 1.8E+00 1.9E+00 1.9E+00
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El. 1 5 10 15 20 25 30 40 49

Tb 3.4E-03 4.6E-01 8.8E-01 1.1E+00 1.3E+00 1.4E+00 1.4E+00 1.6E+00 1.6E+00

Dy 9.6E-03 6.1E-01 1.1E+00 1.3E+00 1.5E+00 1.6E+00 1.7E+00 1.8E+00 1.8E+00

Ho 4.7E-03 4.6E-01 8.5E-01 1.0E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.5E+00

Er 1.2E-02 6.8E-01 1.2E+00 1.4E+00 1.6E+00 1.7E+00 1.8E+00 1.9E+00 1.9E+00

Tm 4.9E-03 5.5E-01 1.0E+00 1.2E+00 1.4E+00 1.5E+00 1.6E+00 1.7E+00 1.8E+00

Yb 2.8E-02 9.7E-01 1.5E+00 1.7E+00 1.9E+00 2.0E+00 2.1E+00 2.2E+00 2.3E+00

Lu 1.4E-02 7.0E-01 1.2E+00 1.4E+00 1.6E+00 1.7E+00 1.8E+00 1.9E+00 2.0E+00

Hf 4.8E-02 1.2E+00 1.7E+00 1.9E+00 2.1E+00 2.2E+00 2.3E+00 2.4E+00 2.5E+00

Ta 3.6E-02 1.0E+00 1.5E+00 1.8E+00 2.0E+00 2.1E+00 2.2E+00 2.3E+00 2.3E+00

W 4.6E-02 1.1E+00 1.6E+00 1.8E+00 2.0E+00 2.2E+00 2.2E+00 2.4E+00 2.4E+00

Re -3.4E-01 6.4E-01 1.2E+00 1.4E+00 1.6E+00 1.7E+00 1.8E+00 1.9E+00 2.0E+00

Os 2.7E-02 5.0E-01 9.3E-01 1.1E+00 1.3E+00 1.4E+00 1.5E+00 1.6E+00 1.7E+00

Ir 1.0E-03 1.4E-01 3.9E-01 5.3E-01 6.9E-01 7.8E-01 8.5E-01 9.6E-01 9.9E-01

Pt 6.1E-03 4.1E-01 8.3E-01 1.0E+00 1.2E+00 1.3E+00 1.4E+00 1.5E+00 1.5E+00

Au 5.1E-03 3.4E-01 7.1E-01 9.0E-01 1.1E+00 1.2E+00 1.3E+00 1.4E+00 1.4E+00

Hg 5.8E-02 1.1E+00 1.6E+00 1.9E+00 2.1E+00 2.2E+00 2.3E+00 2.4E+00 2.4E+00

Tl 5.6E-02 1.2E+00 1.7E+00 2.0E+00 2.2E+00 2.3E+00 2.4E+00 2.5E+00 2.5E+00

Pb 1.2E+00 2.5E+00 2.9E+00 3.0E+00 3.0E+00 3.1E+00 3.1E+00 3.1E+00 3.1E+00

Bi 1.0E+00 2.2E+00 2.6E+00 2.7E+00 2.7E+00 2.7E+00 2.8E+00 2.8E+00 2.8E+00
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